Vidyamandir Classes Integral Calculus - 1

Indefinite Integration

1.2

1.3

INDEFINITE INTEGRATION Section -1
1.1 Definition

The indefinite integral of a function f (x) with respect to x is another function g (x)
whose derivative is f ().

e gx)=fx) = indefinite integral of f (x) is g (x).

In Mathematical Notation, we write :

j f (x)dx =g (x) + C ifandonlyifg’ (x) [aS%[g(XHC] =9 '(X)}

where C isan arbitrary constant i.e., independent of x.

Here j is the integral sign, f () is the intergrand, x is the variable of integration, dx is the element of integra

-tion, g (x) is the integral of the function f (x) and the process is known as Indefinite Integration.
The indefinite integral of a function is also called as antiderivative of that function.

Properties of Integral Calculus - 1
) [k fdx=k[f(x)dx
(i) IR0 f (0% fg () * ... + f, (x)]dx
= jfl(x) oli_rjf2 () dxijfg(x)dxi ....... ijfn(x)dx

(i) j‘;'(()’(‘))dx=|n|f(x)|+c

n+1
(W) I[f(x)]“f'(x)dx:%+C

W) jf(x) dx:g(x),thenjf(ax+b) dx=§g (ax +b) +C

Standard Results in Integration

As integration is the process of finding the anti-derivatives of various functions, we can derive integrals of
various basic functions by using the definition of their derivatives.

For Example :

d , .
d—X(3|nx)=cosx — Icosxdx=sinx+C
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1.3.1

1.3.2

1.3.3

d X X

—(e")=e =N jexdx:ex+c
dx

— tan x =sec? x — J'secz xdx =tan x+C
dx

In this way we can derive the integrals of many basic functions and learn them as formulas which can readily
be used to find the integrals of various complicated functions.

So from our experience in differentiation, we can derive the following results and can learn them as standard
formulas.

Integrals of Basic Algebraic Functions
Use the expressions for derivatives of trigonometric functions, we have the following results :

0 Ix_lzdxz‘%fc (i) j%dx:zﬁJrc
1 -1
(iin) J.\/;dX=§X Xx+C (iii) Ix—pdx=m+c (p =1)

In each of these results, verify that the derivatives of R.H.S is equal to the function that we are integrating.
All these can also be derived as special cases of the following general results.

n+1

Ixndx = )r(1+1

1
+C  (nz1) Forn=-1, we have : j;dx:log|x|+C

Integrals of Basic Trigopnometric Functions

Using the expressions for derivatives of trigonometric functions, we have the following results :

() [sinxdx =—cosx+C (i) [cosxdx=sinx+C
(i) I sec’ x dx =tan x +C (v) I cosec? x dx = — cotx + C
) I sec x tan xdx =secx +C (i) Icosec x cot x dx =—cosecx + C

Integrals of Basic Inverse Trigopnometric and Exponential Functions

Similarly, recall the derivatives of inverse and exponential function to prove the following results :

0 I o =sin~Ix +C;|x|<1 (i) IdX2=tan_1x+C
J1-x2 1+x

(i) IL=SGC‘1IXI+C;IXI>1 (iv) jaxdx=a—x+c;a¢1,a>o
x\/xz—l loga
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1.4

1.5

Iex dx=e*+C

Further Generalisation of Some Results using property 1.2 (v)

1
[fod=g()+C = [ £ (ax+D) dx =~ 9(@x+b)+C where aand b are constants.

Using the above property, we canextend our list of basic formulas through the following results :

0]

(i

v)

(vii)

+1 _
j(ax+b)“dx=§—(axzb)n +C Gy | o =£( lJ+C

+1 (ax+b)? alax+b
J. ax+b+C (IV) J. o =1 -1 1+C(p¢1)
\/ax+ (ax+b)P a(p-1)(ax+b)P~
j ! dx=£|og|ax+b|+C (vi) .[sin(ax+b)dx=—£cos(ax+b)+C
ax+b a a

[[cos (ax-+b) dx=§sin (ax+b)+C (viii) [sec? (ax+b)dx=§tan (ax+b) +C

(iX) jcosecz(ax+b) dx=—§cot (ax+b) +C (x) jsec(ax+b) tan (ax+b) dx=§sec(ax+b)+C

(x) ICOSEC (ax+b) cot (ax + b) dx = —% cosec (ax +b) + C

(i) jeax+bdXz£eax +b ¢

a

Integrals of tan x, cot x, sec X, cosec X
All these integrals can be evaluated using the result

ie.

0]

(i)

f
[ ((X)) dx = log| f (x)[+C [Also given in Section 1.2 (iii)]

j derivative of denominator
denominator

sec x tan x
[tan xdx = [ === dx
sec X

dx = log| denominator |+ C

= Itanxdx:loglsecx|+C

Cos X

jcotxdx j = log|sin x|+ C
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sec X (Sec x + tan x) dx_jsec2 X Sec X + tan x

sec X + tan X Sec X + tan X
X
2

T
tan| —+
4
cosec x (cosec x — cot x) dx = .[ cosec2 X — COSEecC X cot X
COSec X — cot X COSec X — cot X

i) [secxdx=| dx

— Isecxdx:loglsecx+tanx|+C=Iog +C

dx

Icosec X dx =j

= Icosecxdx=|og|cosecx—cotx|+C=Iog|tan x/2|+C

Illustrating the Concepts :
Evaluate the following Integrals :

(1) J.SECZ (2 —3x) dx (i) I% dx (i J'GZX ~3gx
2-3x)d ; dx
I sec (2 - 3x) dx v) J' m dx (vi) J- e

Hint : Express Integrals in terms of standard results.

0) J'sec2 (2-3x)dx = %1 tan (2-3x) +C

(ii) J'M dx Isec (2 - 3x) tan (2 — 3x) dx
cos” (2-3x)

= %sec(2—3x)+c

(i) jezx‘e’dx:%ezx‘?’ +C
(i) [sec(2-3x) dx

= %Ioglsec(2—3x)+tan (2-3x)|+C

(V)I\/m (\/M)C

dx 1 -1
(V) I(1—2x)3 _—_2(2(1—2x)2j+c
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Illustrating the Concepts :
Evaluate the following Integrals :

x—1 x2 -1 X X" +1
0 ™ o Jz % @ [gop® ) Jo ™

! X3 ax+b
V) ﬁ ax (V) '[ (x +1) dx (vil j cx+d dx

Hint: Express numerator in terms of denominator.

(i) Ix+1 _IX:(rilZ j(l_éjdx - jdX—ZI%:x—Zlog|x+l|+C

2
(i .[Xz ld .[X +1d_.[2dx

=x-2tan'x+ C
X°+1

x+1

X 1¢2x+1-1 1 dx 1 dx
(i fmd":gfm x=2] |

@x+D) 27 (2x+1)2
zl(ilog|2x+1|J—ll 1 lic
2\ 2 2| 2 2x+1
x* +1 1 2
i ——dx= dx + =33 _ -1
v 12 I2+1 IX2+1 L1 = XB-x+2tanrtx+C
7 7 6 5 4 3 2
X X' +1 dx (X+D) (X" =X+ X" =x"+ X" —=x+1)
dx = dx — = dx—log|x+1
V) Ix+1 jx+1 jx+1 j X+1 9l |
7 6 5 4 3 2
:X——X—+X——X—+X———+x—Iog|x+1|+C
7 6 5 4 3 2
.[ X3 dx = .[ X3 +1 I dx Ixz—x+1dx_j dx
) (x +1)2 (x +1)? (x+1)% ~ 7 (x+1) (x +1)2
2 f—
:.[X +de+jl 2de_I dx
x+1 X+1 (x +1)?
- dex—2j—x+ldx+jsdx —j ox
- X+1 x+1 7 (x+1)?
2
:X——2x+3log|x+1|+i+c
2 X+1
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i IaXer _Ej_(cx+d) [d—bcjdx_ jdx (d—bCJ

4dx
cx+d c cx+d cx+d
S (ad bCjlog|cx+d|+C
c

Illustrating the Concepts :
Evaluate the following Integrals :
_ (sin~1x)3

I

> 0 (i) [sec*xtan x dx (i) Jlog X gy
\1-X

X

) |

2X dx (V) Isinsx cos x dx
(x“+1)

n+1
Hint : Use I[f(x)]”f’(x) dx=%+c

(sin 'x)° 1 .14
(i) I—W dx —4(S|n X)" +C

(i) [secxtan xdx = [sec®x (sec x tan x) dx

_sectx

4

log" X 4 log" *1x
(iii) _[ d -2 +C

n+1

+C

X 1 1
; ——dx==|———= 2xdx
™) Iu2+n 21u2+n3
2, -2
:lu_i_c
2 2
. 5 sin® x
(V) _[sm X €0s X dx = +C
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Illustrating the Concepts :
Evaluate the following Integrals :

3 X -X X
X e —e e” +1
i dx i —— dx i dx
0 I ORI beywe ORI e
3 dx tanx +1
X
. dx ; d
™) I(x2+l)2 > V) J.a+be" (v) Itanx—l X
2
Sec X X< -1 dx
i dx in [————dx :
(vii) jlog (sec X + tan x) (viil) I X (x2 +1) () I X + /X
X dx sin2x
dx - - ———dx
®) J.(x4+1)tan‘1x2 (x1) leog x log log x (i) '[1+sin2x
x& 1
(xii) ITdX
)d | f C.
Hint uSejf() x=log| (x| +
3 3
. X 1 4x 1 4
[ dx== dx ==log|l+x"|+C
0 '[l+x4 4'[l+x4 4
- jex dx log|e* +e7*|+C
() e +e”
. 2 [ xI2 /2]
; e’ + +e _
(iii) Ie dx I NI —ZIZ —~7 dx=2log|e¥? —e™¥2|+C
X3+ x
. - dx— | ———=dx
) '[(x +1) I(x +1) j(x +1) '[ x2 +1 j(x2+1)2
—j 2X de ~Liog|x? +11+2[ |+
G +1 27 (x* +1)? 2 2 x“+1

dx e X 1¢ —ae* 1
- dx=—= dX = —Zloglae X +b|+C
V) Ia+bex '[ae‘x+b 61I X4b a 9l |

tan x +1 sin X + cos X
; dx = d
() jtan Xx—-1 J.sin X — COS X
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1.6

Sec X d
i dx =log|log (sec x + tan x) |+ C i =
(Vi) Ilog(secx+tan ) g|log ( )| Note : — log (sec X + tan x) = sec x
-1 1_% 1
(viii) j dx:j Xl dx=log|x+=|+C
X x +1) i X

1
: 2%
() =2 dx 2log|/x +1|+C
J.X+\/_ .[\/7 X+l '[ X+l
2X
) j :_.[ l+x |Og|tan 12,
(x +1)tan x? tan 1
d Il dx
(xi) j X :jx 99X _10q110glog x|+ C
xlog xloglog x * log log x
sin 2x B )
(xii) '[l+5|n de_log|1+3|n x|+C
x-1 e-1 e—1
i [ :_Iidng,oglexﬂem
o e” +x° eX +x® e

Integration of some trigonometric Functions using Standard Results

When the integrand is a trigonometrical function, we use the trigonometrical formulae to transformthe given
function into standard integrands or their algebraic sum. Before proceeding further in this section your must
revise all the trigonometric formulae given in Module - 1.

Based on Trigonometric formulae, study the following examples.

lllustrating the Concepts :

Evaluate :

() jsinzx dx (i) jsin3 xdx (i jsin4 xdx (V) jsin4 x cos * x dx

Hint : Reduce the degree of integrand to one by transforming it into multiple angles of sine and
cosine.

jsinzx dx=.|.—l_cOS 2X gy =L x_SIN2X 1 o
2 2 2
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(i jsingxdx:j?’S'nX;S'n 3X dx

- %U3sin x dx — [sin 3x dx}

= 1[—3005 X+ cos 3X +C
4 3

= _—3cosx+i0053x+c
4 12

2
(iii) Isin4x dx = j(%j dx

1 1 2
= Zj(l_ 2cos 2x) dx + ZI(COS 2xdx)

= E—ESiHZX +£j(1+ cos 4x) dx
4 4 8
x 1 X Sm4X+C

= ——=SIin2X+—+
4 4 8
) . 4 4 1.2
sin™ xcos” xdx=—|sin™ 2x
W | =)

Now proceed onthe pattern of J'sin4 xadx .

lllustrating the Concepts :

d d
Evaluate : (i) I . (i) I .

1+sin x 1+COSX
dx 1-sin X T X
i = dx tan| — - —
0 I 53]
1+sinx COS“ X :E SGCZ(E—EjdX=£ 4 2 L C
2 4 2 -1/2
= J'seczxdx—jsecxtanxdx
T X
=tanx-secx+C :—tan(z—§J+C
Alternative Method
dx 1-cos x
.[ dx =J~ dx :J- dx (i) '[1+COSX :I 5
- sin“ x
1+sinx 1 T 2(m X
+cos(2—xj 2C0s (4—2j
= I cosec? x dx — I cosec x cot x dx

= — cot X+ cosec X +C

Self Study Course for IITJEE with Online Support 9



Integral Calculus - 1 Vidyamandir Classes

Alternative Method
I i _ ax 1 sec? X dx
1+ CoSs X 2c0s2 x/2 2 2
= 1 tan x/2 +C :tan§+C
2 1/2 2

lllustrating the Concepts :
Evaluate the following integrals :
() [sin2xsin3xdx (i)  [sin2xcos4xcos5xdx (i)  [sin®xcos® x dx

Hint: Apply trigonometric formulas to convert product form of sines and cosines into sum of sines
and consines of multiple angle.

(i) jsin 2x sin 3x dx :%IZSin 2x sin 3x dx
:lj(cosx—cosSx)dx:lsinx—isin5x+C
2 2 10
(ii) jsin 2x cos 4x cos 5x dx =%j(25in 2x €os 4x) cos 5x dx
1, . 1 . 1 .
= —j(sm 6X — sin 2x) cosSxdx=—I2sm 6xcosSxdx——j25m2xcosSxdx
2 4 4

l¢, . . 1¢,. .
= Z.[(sm 11x +sin x) dx —Zj(sm 7x —sin 3x) dx

1cosllx 1 1cos7x 1 cos3x
= ——————=—CO0SX+— — +C

4 11 4 4 7 4 3

(ii) jsinzxcoszxdx=£jsin2 2xdx=ljﬂdle(x_5'n4xj+c
4 4 2 8 4
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Illustration - 1 o dx

a sin x + b cos x

(A) k =yaZ+b?, a=tan‘1(%j (B) k =yaZ+b?, a=tan‘1(gj
(c) k= a’h?, a :tan‘l(gj D) Kk =\a?+b? «a =tan‘1(9j

a

= %Iog |cosec(x+a) —cot(x+a)|+C, then:

SOLUTION : (B)

J.asmxo-lrbcosx / I =
b2 *smx+ *cosx

1 dx
/aZ 4 p2 * sin xcos a + cos xsin o where o = tan™ (b/a)

:;jcosec (x+a) dx
\/az +b?

1
= mlog |cosec (x+a)—cot (x+a)|+C where o = tan* (b/a)

METHOD OF INTEGRATION

We have the following methods of Integration :

(@ Integration by Substitution (or change of independent variable)
(b) Integration by Parts

() Integration by Partial Fraction

Self Study Course for IITIEE with Online Support 11
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IN-CHAPTER EXERCISE - A

Evaluate the following integrals.

o )

) J' dx
() J Jax+b - Jax+c

V) I cos® x dx

(vii) [ 'sin x v1—cos 2x dx

(iX) Icos X C0S 2X €c0S3x dx

2X—3

o | Tk

(i) Isin X €OS X (Sin2x + cos2x) dx

1 I
(xv) jl—sinx X

(i

(v)

(V)

(i)

)

(i)

(xiv)

(xvi)

3 +3x% + 4
[

Jx

IX3+3X2+2X+1
Xx—-1

dx

I (tan x + cot x)2 dx
J‘(ea log x | gxlog a)dx

I(1+ X) v1-x dx

J-sinx+cosxlx

1+ sin 2x

J‘ sin? x

—— X
1+ cos x)2

j;dx
1-cosx
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INTEGRATION BY SUBSTITUTION

Integral Calculus - 1

Section - 2

2.1 Introduction

If g (x) isa continuous and differentiable function, then to evaluate the integral of the form I f[g(x)] g’ (x)dx,

we substitute g (x) =tand g’ (x) dx = dt.

The substitution reduces the integral I flg(x)] g

"(x) dx to the form I f(t)dtie.

We have changed the variable of integration formx to t. This substitution process can reduce the integrand
to the form where we can evaluate the integral by using the standard results or it can reduce the complexity
of the integrand. After evaluating this integral we substitute back the value oft.

Illustration - 2

(A)  sin(xe®)

SOLUTION : (A)
The given integral is in terms of the variable x, we
can simplify the integral by connecting it in the terms
of another variable t using substitution.
Here let us put xe* =t
and hence xe* dx + exdx = dt
= e(x+1)dx=dt

Iex(x+1) cos (x &) dx =

cos(xe*)

(B)

lllustrating the Concepts :

0 52
=

1 ¢ 3x2dx
1+x

2
X6

d
dx (i) I .

Evaluate :
3x% dx = dt
1

jl+t2

1x34¢C

[P ]

= ltan_lt +C :ltan
3 3

1+x

(i) 3/x indicates that we should try x = t*

dx = 3t>dt

3t2dt
'[3

=
3

2)

241 2

2t dt
t2 +1

tdt

+1

- I
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©)

X + 3Jx

e* sin x eX cos x

(D)

The givenintegral = [ cos (xe*) [e* (x+1) dx]

:Icostdt:sint+C

=sin(xe*)+C
Note : The final result of the problem must be in terms
of x.
2
X
dx
(i) leTx
:%k@u2+u+czgmgu”3+ﬂ+c
(i) Let 1+x=t = dx = 2t dt
2 2
j(t tl) 2tdt=2I(t4—2t2 +1) dt
5
= 2t + 2t —i +C
5 3

= %(1+ x)5/2 + 21+ X —%(1+ x)?’/2 +

AT -
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lllustrating the Concepts :

-1_x
aX + tan a d 3 .[ X d
Evaluate: (i — . 0X (i sin 6 cos” 6dO (i X
valuate: (i) I X1 (ii) J'J i (iii) .3
() The givenintegral can be writtenas : (i) Letsinf=t2 = cos 0 dO = 2t dt
a%gtan 1 gX
I 22X 1 dx J',/sin 0 cos® 0do =J'1/sin 0 (1-sin?0) cos0 do
Let tan™ a*=t = [ta-tatde
a* loga dx = dt
= 2
1+a°* ZL—ZL C=E(sine)3/2—g(sine)7/2+C
3 7 3 7
| Iata”_l 2" aX log a dx ~ ,[ aldt (i) The given integral is
N _ -
log a (L +a%¥) log a Jx dx
| =
- 1=—2 .c
log a log a Jx appears inthe derivative of x*2
jtanLa¥ hence, let x¥2=t =  3/2 Vx dx = dt
|l=——+C
(loga)? . |= 2( dx 2 dt

SNk g

:Esin_1 t+C :Esin_1 x?’/2 +C
3 3

lllustrating the Concepts :

Evaluate the following integrals :

() jtanzxdx (i) jtan3xdx (i) jtan“xdx ™ sec*x dx

Itanz xdx:j(seczx—l)dx:tan X-x+C

2 2 2
= | tan” xsec” x dx — | tan” x dx
(i) Itang X dx = jtan X (sec2 x —1) dx '[ '[

’ 3 tan x i
:Itan X Sec xdx—jtanxdx = —tanx+x+C [from (i)]
2 . 4 2 .2
tan< x v sec” x dx = |sec” sec” x dx
= a2 —log|sec x|+ C W) I I

A ) ) = j(l+tan2 X) sec? x dx
(ii) J' tan“x dx J' tan® x (sec® ¢ —1) dx
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:j(1+t2)dt=t+t3/3+c

tan3 X

= tanx + +C

General Procedure :

When the integrand is of the form tan"x sec"x, the following cases arise :
(@ When m is even positive integer, substitute tanx = z.
(b) When n is odd positive integer, substitute secx = z.

When the integrand is of the form cot"x cosec™x, the following cases arise :
(@ When m is even positive integer, substitute cotx = z.
(b) When n is odd positive integer, substitute cosec =z.

lllustrating the Concepts :

Evaluate : (i) | sin® xcos® xdx (i) | sin° X dx

- .3 4 .2 4 .
sin” x cos” x dx = | sin coS sin x dx
(i) I in° x X dx I in® x X (sin x dx) _ —I(l—cosz %2 (_sin x )

- _I(l—tz) t* dt wheret=cosx

'[7 '[5 CoSs 7X COSSX

_— I(l—tz)z dt  wheret=cosx

=—-—+C= +C 5 3
7 5 7 5 :—I(1+t4—2t2)dt=—t—%+%+C
(i) jsin5xdx=jsin4xsin X dx .
2
=—COSX — % X +Zcos® x+C
3

General Procedure :
When the integrand is of the form sin™x cos"x, the following cases arise :

(a)  Whenm is odd positive integer, substitute cosx =z.
(b)  Whennis odd positive integer, substitute sinx =z.
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IN-CHAPTER EXERCISE - B

Evaluate the following Integrals.

0]

(i)

(iif

(v)

v)

(Vi)

(vii)

(i)

(ix)

)

()

(i)

d
o=

X
jm dx
[
X
x8 +1
2xtan 1 x2
=

dx
1+Xx

sin X + cos X
I dx

(sin x — cos x)3
J- X dx
(ax? +b)P

dx

J- cosS x
\/sin x

Icos X tan3 X dx
I tan x sec6 X dx

I tan3 X sec5 X dx
J' dx
xcosz(log X)

j x3dx
(x2 _ a2)3/2

s T
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2.2 Some Important Substitutions
Following are some important substitutions useful in evaluating integrals.

Expression Substitution
a’+ x° X =atand or X =acotd
az - x° X =asind or X = a cosO
X2 — a2 X = a secO or X = a cosecO
a—Xx a+ X
—  or — X = a c0s20
a+Xx a—Xx
X—a }
B_x or J(x—a)(B-x) X = o c0s%0 + B sin’0

2.3 Some standard results derived using substitution method

_[ o —ltan_1§+C :

a2 y2 a a [use x=atan 6 or x = a cot O to derive the result]
dx 1 loal X214 ¢ _

.[ W2 _a2 2a X—a * [use x = a secO or x = cosecO to derive the result]
dx 1 00 127X 4 ¢ _ _

j 2_x2 2a °g a— X * [use x = a cos0 or x = a sino to derive the result]

dx ‘ / 2 2 ‘
I /X2 7 log|x+x" +a [use x =atan® or x = cot to derive the result]
dx ‘ / 2 2 ‘
I /XZ 7 logx +x* ~a [use x =asecO or x = a cosec to derive the result]

j—dx —sin [ 2 +c
> 2 [use = xasin 6 or x = a cos 0 to derive the result]
a® —x a
j—dx _1 sec"1 +C
T - use X = a seco or X = a cosec 0 to derive the result
wx2_g2 @ a [ 0 0 ]

2
J'\/az + x2 dx:gx/a2 + %2 +a7log x+\/a2 + X2
Self Study Course for IITIEE with Online Support 17
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2
_[sz —a® dx :§Vx2 ~a® +a7log x+\/x2 —a?
2
I\/az — %% dx =§\/a2 —x% 4+ a?sin_lﬁ +C [Use x =sin 6 or x = cos 0 to derive the result]
a

+C [Use x =sec 0 or x = cosec 0 to derive the result]

2.4 Evaluation of Integrals of various types based on the formulas given in section 2.3

24.1 Type-|

1

Integrals of the type I 5 L dx, I dx,.[\/ax2 +bx+cdx.

axc +bx+c \/axsz+c

To evaluate this type of integrals we express quadratic expression ax® + bx + ¢ in the form of perfect square
and then apply the formulas given in section 2.3.

dx

TYPE: J.ax +bx+2

Illustrating the Concepts :

Evaluate : (i) [— —1 (i) | m (i) [ ——— w
X"+ X+

+6x+1
dx
dx 1 dx
'[ 2+X+1 Ix2+2;x+j+i (iDI1—4x—2x2=E'[1/2—(X2+2X)
dx —EJ. o
:.[ 2 (V3 2 2 (\/3/—2)2—(x+1)2
(a+2j +[2J 11 l0g J_2+x+1
2 2J3/2 J3/2 (x+1)
- G (Xf‘l//zzJ i) [
X2 +6x+1 2+6x+9 8
2 [2x+1j+c dx
IRCARE e
1 X+3—22
_2(2\/5) log +C
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dx
TYPE:
J.\/axz +bx+C

Illustrating the Concepts :

: dx
Evaluate: (i) | = | —
J.\/l— X — X°

dx

I\/sz +BX+2

(1=

dx
) dx . _ |
(l) Let I = .[— m (Ii) LEt I - '[ [2X2 +6X+2

Now 2x*+6x+2=2(x*+3x +1)

Treat 1 —x—x*as 1 - (x + x%) 2
=5/4 — (X* + x + 1/4) = 5/4 — (x + 1/2)? _ 2(X2+%+gg+1j:2[(x+§j E}
2 4 4 ) T
= 1=] & =sin‘1(x+_1/2j o .
5 1)2 J5/2 This is in the form x2 — a2
4_(X+2j — I=ij dx
V27 x+312? -514
Sin_1(2x+1 Lo
= V5 L 5 : ‘
=—=log|x+>+(x+3/2)°-5/4/+C
V2 J 2 \/( )

TYPE: j\/ax2 +bx +c dx

[llustration - 3

If | =.Hx2 +5x+1dx= 2X:5\/x2+5x+1+Alog x+g+\/x2+5x+1 +C,thenA=
! o 2 o A 5 A
® 3 ® © 3 0)

SOLUTION : (D)
Let 1= [\ +5x+1dx=[(x+5/2)% 21/ 4 dx

= 2X4+5 x2+5x+1—%log‘ x+5/2+\/x2 +5x+1‘+C
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2.4.2

Type-Il
Integrals of the type :
PX +q PX+( pP(x)
——dx, dx, ————dx
@ Iax2+bx+c (b) '[\/ax2+bx+c © J.aXZ bx + ¢

where p (x) isa polynomial of degree greater than or equal to 2.
To evaluate the integrals of type (a) and (b) we express the linear factor in the numerator as :
px + g =m (derivative of quadratic expression in the denominator) + n
(where m and n are unknown constant to be determined by equating the coefficients of x and constant
terms on both sides)
= px+g=m(2ax+b)+n

= 2am=p () and mb+n=q (i)
Solving (i) and (ii), weget m=p/2a and n=q-bp/2a
Consider type (a)

I;)(—+qu:£ iax—-i_bdx_k(q_@JJ‘Z;dx

ax® +bx+c 2a” ax“ +bx+c 2a )" ax® +bx+c¢

P 2 bp} dx

=—Iog|ax“ +bx+c|+| q—— || ———

2a g‘ ‘ (q 2a '[ax2+bx+c

The other integral on RHS can be evaluated with the help of methods discussed in section 2.41
Consider type (b)

px+q 4 P 2ax+b dx+(q—b—pj 1 dx

'[\/ax2+bx+c _2_a~[ ax2 +bx +c 2a j\/ax2+bx+c
1
j—dx
Jax2+bx+c

= I&dx :gxlax2 +bx+c +(Q—2—ZJ
The other integral on RHS can be evaluated with the help of methods discussed in section 2.4.1.

ax? +bx+c
Consider type (c)
In this case divide the numerator by the denominator and express the integrand as :

R (x) o .
QM +— » where R (x) is a linear function of x.
ax” +bx+c
P (x) R (x)
Therefore |——— dx = [Q (X)dx + [—~ L dx
erefore '[ax2+bx+c '[ '[ax2+bx+c

Now to evaluate the integral on RHS apply the method discussed in part (a).
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[llustration - 4
If ISX—+1= AVX? +4x+1+Blog|x+ 2+ VX% +4x+1
VXS +4x+1

(A) A=3,B=5 (B) A=-3B=5 (C) A=3B=-5 (D) A=-3B=-5

SOLUTION : (C)
The linear expression in the numerator can be

+C, then:

expressed as : Let |1=§jﬂ:§.[ﬂ
d , - 2° Ix2yax+1 2
AX+1=1| —(x“+4x+1) [+m o
dx (where t = x*+ 4x + 1)
3x+1=1(2x+4)+m
~ X+. ( .). =3t +C=3Vx? +4x+1+C
Comparing the coefficient of x and x°,
3=2l and |=4l+m dx dx
- - Let I, =5 =5
= 1=3/2 and m=-5 I/7x2+4x+1 .[ li(x+2)2—3
N IZ.[ 3x+1 3/2(2x+4)—5dx
2 2
\/x +4x+1 \/x +4x+1 = 5log|x+2+ /(x+2)2—3|+C
3¢ 2x+4dx dx -
_° _ = 1=1-1

2 \/x2+4x+l \/x2+4x+l
= 3\/x2+4x+1—5log‘ x+2+\/x2+4x+1‘+C

[llustration - 5 B _sgandl

X 2 _1( 4x+1
If —dx:—+AIog‘2x +x+2‘+Btan ( j+C,then:
2X% + X +2 2 J15
3 3 3 -3
:—,B:— A:—,B:—
) 8 4J15 ®) N
-3 3 -3 -3
A:_,Bz— A:—,B:—
© 8 4J15 (D) 8 4yi5
SOLUTION : (C)
Express numerator in terms of denominator and its 1/2 (2x X+ 2) 3/8(4x+1)+3/8
L j dx
derivative. %2 4 x4 2
Letx®>—x+1=1(2x*+x+2)+m(4x+1)+n 4x+1
= 1=2l, -1=1+4m, 1=2l+m+n, —jd ——j j—
2x? +x+2 2X% + X+ 2

= ¢=1/2, m=-3/8,n=3/8

2
X°—x+1
— | ————dx
= | '[2x2+x+2

Self Study Course for IITIEE with Online Support 21
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dx

where 1= o

1 dx
= +=
I 2+1/2x+1/16 1/16+1 27 (x+1/14)? +15/16

11 - (x+1/4j c—itan‘l[“”jw
2.15/4 Ji5/4 Ji5 J15

1 4X+1J+C

3
——tan
4415 ( J15

=1 :1—§Iog|2x2+x+2|+
2 3

2.4.3 Type-lil
Integrals of the type

J' dx J' dx J- dx
) 2 >

asin® x+bcos® x * a+bsin® x * a+bcosx,
J‘ J- f (tan x) dx
; . where f (tanx) i lynomial
2" absin? x+ cos? x + d sin x cos x Wheref (tanx) isapolynomia

(asin x + b cos x)
intan x.

To evaluate this type of integrals we proceed in the following manner :

STEP-1 Divide numerator and denominator both by cos®x.

STEP-1I Puttanx=t, sec’>x dx =dt.

This substitution will convert the trigonometric integral into algebraic integral.

f (t)dt

After employing these steps the integral will reduce to the form J'
At? +B + C

where f (t) is a polynomial in t.
This integral can be evaluated by methods discussed in section 2.41 and 2.42.

3sin2 x+4cos2 X

Illustration - 6 J. dx

1 tan_l(tanXJ 1 tan_l(tanXJ
YNl CYN: S YN 213

1 tan_l(tanXJ 1 tan_l(tanxj
© 273" 643 YN R YN
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SOLUTION : (B)

J- dx 2X=I sec? x dx

3sin? X + 4¢os 3tan? x + 4
1 dt 11 _1( t j
= == tan -| —= |+ C =
_3It2+(2J§)2 39293 NE where tan x =t
- itan_1 ﬁtanx +C
243 2
244  Type-IV
X
j dx j o I dx f(tanzjdx
Integrals ofthe type | iy b cos x 2 a+bsin x a+bcosx’j

asinx+bcosx+c

where f (tan x/2) is a polynomial in tan x/2.
To evaluate this type of integrals we proceed in the following manner :

2tan X 1-tan? X
. ——= _andcos=

STEP -1 Putsinx = 1+tan2§ 1+tan2§

2 2
STEP -1l Replace 1 + tan?x/2 in the numerator by sec®x/2.

1 -x
STEP-IIl Puttanx/2=tand —sec de =dt
After performing these three steps the integral reduces to the form J' _ fd where f (t) isa polyno

At? + BT +C

-mial int. This integral can be evaluated by methods discussed in section 2.41 and 2.42.

lllustrating the Concepts :

Evaluate : (i) jL @ | A wherea, b>0.
4+5sInX a+b cos x
) .[ dx
M) Let 1= 4 +5sin x 1-t2 ot 2dt
y =  COSX=—— ] sin x = > dx = 5
Put  tan §=t = x=2tantt 1+t 1+t 1+t
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2at Case 1: Leta=b

2dt

2
= 1= 2t 20 2 X
2 - - — 2
4+5[ thj 4T +10t+4 = I_~[a+b_a+b_a+btanZJrC
1+t Case 2: Leta>h
- 1 2dt
'[2+5t/2+1 = Iza_bja+b 2
_EJ' dt a—bJr
(t+5/4)°-9/16 > [a_p a—b
—tan | t,[— [+C
1 1 t+5/4-3/4 = a-bVa+b a+b
== 0g +C
2 2x3/4 t+5/4+3/4 2 « [a—b
:—tan_l(tan— —J+C
2tan > +1 a® - b 2Va+h
1, |at+2 1 2
=—log +C==log| —=—|+C Case 3: Leta<bh
3 4t + 8 3 X
2tan§+4 2dt
| = =
dx '[(a+b)—(b—a)t2 b—a'[EJfa_tZ
) -a
(i) Ja+bcocx where a, b > 0. b
_ +a
Let tanx/2 =t 2 m +t
2dt = +C
b— a2\/b+a b+a
- - dx [ 1+t2 b_a
a-+bcosx 1 1—t
a 1+t2 1 \/b+a+\/b—atan§
= log x2 +C
J‘ 2dt b2 — a2 b+a—\/b—atan§

(a+b) + (a—b) t?

2.4.5 Type-V

Integrals of the type j asinx+beosx dx
csinx+dcosx
To evaluate this type of integrals express numerator as follows :
Numerator = m (Derivative of Denominator) + n (denominator)
= (asinx + b cosx) =m (c cosx —d sinx) + n (c sinx + d cosx)

where m and n are constants to be determined by comparing the coefficients of sinx and cosx on both

sides.

Therefore,

J~asinx+bcosx dx _ jm(ccosx—dsinx)+n(csinx+dcosx) dx
csinx+dcosx csin X +d cos x
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i(csin X+d cosx)
—m [OX dx+njdx
csin x +d cos x

=min|csinx+dcosx|+nx+C

Illustration - 7

If J‘ZS'nX+3C03X dx = ax+blog|sinx +4cos x|+ C, then a+b=

sinx + 4 cos x

N 2 - o 1 o 19
) 17 ®) 17 © 17 (©) 17
SOLUTION : (A)

Let 2sinx+3 cosx=1(sinx+ 4 cosx) . I:J-Zsinx+3coz~:xdx

+ m (cos X — 4 sin x) sin X+ 4cos X

Comparing coefficients of sin x and cos X : 14 ¢+ sin X + 4Cos X 5 .cosX—4sin x

— — > |l=—]— dX—— | —— dx

2=1-4m, 3=4l+m 179 sinx+4cosx 17 sinx+4cosx

= 1=14/17 =-5/17

I—Ex—ilog|sinx+4cosx|+c
- 17 17

246  Type-VI
Integrals of the type I asin X+ bcosx+¢ dx .
psin X+qcosX+r

To evaluate this type of integrals express numerator as follows :

Numerator = | (Derivative of Denominator) + m (denominator) + n
= asinx+bcosx+c=1(ccosx—dsinx) + m(csinx + d cosx) + n
where I, m and n are constants to be determined by comparing the coefficients of sinx, cos x and constant
terms on both sides.
Therefore,

_[ asinx+bcosx+c dx :II (pcosx—qgsinx+r)+m(psinXx+qcos X+r)+n

psin X+QCcosX+r pPSin X+qCoSX+r

dx

d .
—(psinx+qcosx+r)
=|Idx . dx+mjdx+nj : ax
psSinX+QCcosX+r psin X+QCcosx+r
:IIn|psinx+qcosx+r|+nx+n_[ i +C

psin X+QCcoSX+r
The last integral on RHS can be evaluated by the methods given in Section. 2.44.
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2.5 Special Type of Integrals
The following examples cover special type of algebraic integrals in which denominator is quadratic in x2.

Illustrating the Concepts :

_ X2 +
Evaluate : (i) I 2

1 x% -
dx i —dx
i [ a

+1
() Let (ii) Let
1 ! x4 -1 1_%
|1=J. 7 dX=.[ X dX j X2 dX X +1 (X2+2J
XT+1 ( 1) X
X——1] +2
x? X
- wheret= A—— _
t? 42 X = 5 ax

-

t 1
Let I, = Iz— Wheret:x+;

tc-2
- - f +C
\/_
2
1 X —xv2+1
- log +C
22 x2 +x4/2 +1
[llustration - 8 1 1 L
X2 — X< +
+C, then f(x) =
j(x +1)\/x +1 [X‘/_J
A) Sin_1|x| (B) tan_1|x| (®) sec_1|x| (D) log|x|
SOLUTION : (C)
The given integral is
1_% 1_% dt
[ R VY S G - )
x2+1 [x*+1 (“1} NI R N G where X+ =t.
X x2 X X2
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IN-CHAPTER EXERCISE - C

+C =—=s€ec

x2+1

X2

1 -1

NG

+C

Integral Calculus - 1

Evaluate the following Integrals.

. X
() j.24dx
X+ x+1
(i) J.(3X—2)\/x2+4x+1dx
(iii) j‘(x+1)\/x2 +x+1dx
; x2 +X+1
W) [ "=dx
2x2 +4x+1
(V) J- dx :
4sin®x + 4sin x cos X +5c0s2x
. dx
Vi SR
V) J4+5cosx
(vii j3smx+2c93x dx
3cos X + 2sin X
- 2+3c0s X
Viii
Vi) jsinx+2cosx+3
; dx
IX X
0 I(Zsinx+3cosx)2 ¥ jcosx(sinx+2005x)
2
0d)  [——dx o) [
Xt +1 X4 41

(i) [ tanxdx

(xv)

J' dx
sin4x + cos4 X

dx

(i) [ feotxdx
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INTEGRATION BY PARTS Section - 3

When integrand involves more than one type of functions we may solve them by the use of a rule which is
known as integration by Parts. The rule, its derivation and uses are given below :

3.1 Derivation of the result
We k thti(uv):uﬂJrvd—u
e Knowntha dx dx  dx
= d(u)=udv+vdu = Id(uv):fudv+jvdu = Iudv:uv—fvdu

If we take u as part 1 and dv as part 2, then the above result can be written as :

I (part1) (part 2) =(part 1) [integral of part 2] — I[integral of part 2] [differential of part1]

3.2 Proper choice of first and second functions
Integration with the help of above rule is called Integration by Parts. In the above rule there are two terms on
RHS and in both in terms integral on the second function is involved. Therefore in the product of two
functions if one of the two functions is not directly integrable (e.g. log x, sin™x, cos™, tan-x etc.) we take it
as the first function and the remaining function is taken as the second function. If there is no other function,
then unity is taken as the second function. If inthe integrand both the functions are easily integrable, then the
first function is chosen in such a way that the derivative of the function is a simple function and the function
thus obtained under the integral sign is easily integrable than the original function.
Usually, the following order is useful in deciding the first part. The function on the left is takenas the first
part and the function on right is taken as second part.
Inverse, logarithmic, algebraic, trigonometric exponents
The above rule to decide between first and second part is knownas | LAT E rule.

[llustration - 9

(A)  xsinx+cosx (B)  xcosx+sinx (C)  x(sinx+cosx) (D) None of these
SOLUTION : (A)

| — J X Cos xdx
partl part2

Ixcosxdx=

=xjcosxdx—j[cosxdx] dx

= |l=xsinx- Isinxdx:xsin X+cos x+C
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Illustrating the Concepts :
Study the following examples carefully .

(i) Ix sec?x dx (i) Isin_lx dx (iii) Itan_lx dx (iv) Ixex dx (v) Ilog X dx

(vi) Ixz sin x dx

: 2 2 i _
() [xsec” xdx = x [sec? xdx— [ tan xdx (i) [tan Lydx = tan‘lxjdx—j X > dx
= xtan x — log|sec x|+ C 1+x

_ 1
(ii) J'sin_lxdx X tan 1x—zlog 11+ x%|+C

=sin‘1xjdx—j X dx

P (iv) Ixex dX:XIeXdX_IeXdX:XEX_ex+C
—X

1
:xsin_lx—éj 12x dx (V) jlogxdx_longdx—jx;dx_ongx—x+C
—X

_ 1. dt (vi) Ixzsinxdx:xzjsinxdx—j(—cosx)2xdx
=xsintx+ EIW where 1 - x*=t

=xsinlx+ %2\/{+C=xsin‘1x+\/l—x2 +C

——x% cos x+2J'xcosxdx

— cosx+2[xjcosxdx—jsin xdx}

= —x2c03x+2xsinx+2005x+C

[llustration - 10 22 _1

If _[x sin~L xdx =

f(x)+§g(x)+C,then:

(A f)=sin"txg(x) = L > (B)  f(x)=sin"tx, g(x)=v1-x°
1-x

© o=t tx gl == 0) 10 =tantx,g(x)=V1-x2
— X

Self Study Course for IITJEE with Online Support 29



Integral Calculus - 1 Vidyamandir Classes

SOLUTION : (B)

x2dx —x% 1

2
Isin_lx xdx = sin_lxjx dx—jm:% sin~1 x+%jllﬁ dx
X2 1 1 dx
- ?sm 1X+EIV1—x2dx—EI

1—x2

2
X . 1. 1{x | > 1. 4 1 . 1
= —sSin” " X+=| =vY1-X“+ =sin " x|—-=sin - x+C
2 2[2 2 } 2

%% -1

sin_1x+§ 1-x2 +C
4 4

3.3 Integrals of the Type [e™sinbxdx,[e®™ cos bxdx

Let | =[e™sinbxdx
Integrate by parts taking e** as the first part, we get

ax
|8 cosbx_Iaeax(—cc:)sbx)dX

b
On integrating the second term by parts again, we get

| = 1 e cos bx+EF e sin bx—jgeax sinbxdx}
b|b b

1 a - a2 3.2 eaX )
= 1 =——ecosbx+=e¥sinx—=1 - 1+ — I=b—2(a5|nbx—bcosbx)
b b
ax

R (asinbx—bcosbx)
a“+b

- I=

ax

Similarly show that jeax cosbx = (a cos bx + b sin bx)

a®+b
Illustration - 11 J-ex sin xdx
eX eX
(A) 7(sin X+ COS X) (B) 7(sin X —COS X)
e® e*
© 7(cos X —sin x) (D) 7(— COS X —Sin X)
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SOLUTION : (B)

Let I:Iexsinxdx I:ex(sinx—cosx)—jexsinxdx

= | = [sinx e* dx =sinx[e* dx— [e* [cos xdx] I =e* (sinx —cos x)-|

= | :exsinx—J'cosxede

| =e*sin x—[cos xjex dx —jex (—sin xdx)}

| +1=e* (sinx—cosx)

| =eX/2(sinx—cosx) +C

Illustration - 12 Isec3 dx =

(A)

©)

sec xtan x + log| sec x + tan x | (B) %[secxtam log| sec x +tan x |

1M a2
sec? x tan x + log| sec x + tan x | (D) E[Sec x tan+ log| sec x + tan x |}

SOLUTION : (B)

Let | :J'secg xdx=jsec xsec? x dx =secx tanx—1+log|secx+tanx|

= sec xJ'seczx dx —Itan X (secxtan x) dx

= |=secx tanx—1I +log|secx+tanx|

= | =1/2[secxtan x+log|sec x+tanx|] + C

= | = secxtan x—jsecx(sec2 x—1) dx

3.4

0 fer| B @) [ w [ 0S4 j[log 09+

Integrals of the Type J'ex[f (x) + f(x)]dx

Let |=jex[f(x)+f'(x)]dx =N |=jexf(x)dx+jexf'(x)dx
Integrate the first integral on the RHS by parts taking e* as the second function get
|:eXf(x)—jeXf'(x)dx+jeXf'(x)dx = | =ef(x)

Thus to evaluate the integrals of the type I e g(x) dx, we first try to express g (X) as the sum of a function

and its derivative i.e. g (x) = f(x) f'(x) and then we use the result derived above.

lllustrating the Concepts :
Evaluate the following :

1 }
dx
1+ cos2x X

L+ x)? (x+1)?
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[ 2+sin2x
i | = [e*| ——=|dx
® I _1+c032x}
2 sin 2x
| =|e* + dx
= I | 1+ cos2x 1+0052x}
[ 2 2sin X cos X
I =|e* + dx
- '[ _2c052x 2co0s? X ]
= I eX[sec? + tan x] dx
= I:Iex[tanx+sec2x]dx:extanx+C
X p—
i =[P [ e
@+x) L+ x)
= |=Iex BN dx:ex(ij+c
14X (1+x) 14X
X(y2 2
(i) 1= [ D gy x| XL 2 g
(x+1) (x+D)°  (x+1)
= Izjex -1, 2 5 | dx
X+1  (x+1)
We now say that
i(x—lj_(x+l)—(x—l)_ 2
dx \ x+1 (x+1)? (x+1)2
| =¢* {X—_l}+c
X+1
(iv) I:I[Iog (log x) + ! }dx
log x
Substitute
logx=t = x=¢'" and dx=c'dt

N j(logt+%}et dt=e'logt+C

= ¢l X |oglog x + C = x log log X + C

32
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IN-CHAPTER EXERCISE - D

Evaluate the following Integrals.
() jxlog (x +1) dx

log x

i g

X
(1) ~[1+;(in X X

(iv) Icos (log x) dx

v) Ilog (x+\/x2+a2)dx

. log x d
W J.(1+Iog x)2 "

2
(i) jex( 1"2} dx

x [ 1—sin x
(vit) Ie (1—005 xj x

) [vx(log x) dx

X) J'xz aX dx
(xi) j log (v1—x ~/1+x) dx

(i) [ cosxlog (tan gj dx
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INTEGRATION BY PARTIAL FRACTIONS Section - 4

4.1

The integrals of rational functions can be evaluated by splitting them into partial fractions. An expression
containing a polynomial in numerator and another polynomial in denominator is called a rational function.
polynomial N (x)
polynomial D (x)

= Rational Functionf (x) =

Case-l :
It the degree of numerator is less than the degree of denominator, we can split the rational functions into
simpler fractions according to the factors of denominator.

For example :
e . X -1 N 3
S e s T "W T ey 1 2x-3
-1

3
and . ,
g e are known as partial fractions of f (x).

The integral of f (x) can now be evaluated as the sum of the integrals of its partial fractions.
— j f (x)dx=—log|x—1|+3/2log|2x-3|+C

Case-Il :
If the degree of N (X) is greater than or equal to the degree of D (x), we divide N (x) by D (x) so that the

R

rational functional % is expressed in the form Q (x) + % where degree of R (x) less than the
X

degree of D (x).

R (x)
Now as Q (x) is a polynomial, it can be easily integrated and to integrate D (x) we make use of partial

fractions as we have done in Case - |.

R (x)
The resolution of D (%) into partial fractions depends upon the nature of the factors of denominator D (x)

as discussed below.

When denominator g (X) is expressible as the product of non-repeating linear factors

Let D(X)=(x-a)(x-a)....... (x-a).
Then we assume that
R)_ A A A
D(X) Xx-a& x-—a? X—ap,
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where A A, ... .. A are constants and can be determined by equating the numerator on RHS to the
numerator on LHS and the substitutex=a,x=a,...... , X =a_respectively.

[llustration - 13 %2 dx X
If ==+ Alog|x—1|+Blog|2x+3/+C,then:

(x-1 (2x+3) 2

1 9 -1 9
A=—,B=— A:—,Bz_
* 5 20 ®) 5 20
1 -9 -1 -9
A== B=— A=—B=—
© 5 20 (©) 5 20
SOLUTION : (C)
Let | =] X Metrr?gz: A(@2x+3)+B (x-1), putx =1, - 3/2
et 1= -X= X x—1),putx=1, -
(X_l)(2X+3) x=1 = 3-1=5A
The degree of numerator is not less than the degree = A=2/5
of denominator. Hence we devided N by D. X=-32 = 3+3/2=B(-3/2-1)
2 . = B=-9/5
— = quotient + __remainder Hence finally we have :
(x-1) (2x+3) ¢ (x—1) (2x+3) ) o
1 3 c £ 11
—TX+ B f(x)—2_4+_ 92 = |+ [—+—f(x)}dx
_1 T, 11 3-x 1t 2xs3 1273
2 (x=D)(2x+3) 2 2(x-1(2x+3) ) 9
3-x N X 1¢ 5 1¢ 5
PP AR : | =—+=|—2—dx+= dx
We now split (x-1) 2x+3) N two partial frac- 2 2.[ x—1 2~[2x+3

tions. ==X Logx—1]=2 tog| 2x+ 3]+ C
3-x A B 25 20

Let T () —1) 2x+3) = x—1 " 2x+3 Note : If the denominator contains only linear factors,
where A and B are constants. the constants A and B can be calculated by the follow-

Equating the numerators on both sides : ing method also.

3-x=A(2x+3)+B(x-1) 3—X A B
=7 A o =—t—
Now there are two ways to calculate A & B. FO= 2D 2x+3) = x21 " 2x+3

1. Comparing the coefficients of like terms.

2. Substituting the appropriate values of x. A = Value obtained by substituting x =1 inf (x)

Method 1 : after removing (x — 1) from denominator

Comparing the coefficients of x and x°, we get : _3-X _3-1 2
~1=2A+B and 3=3A-B = A3, 243 5

On solving, we have a =2/5 =-9/5
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3
B = Value obtained by substituting X = 5 inf (x) after removing (2x + 3) from denomainator.

lllustration - 14 (x—1) dx

I J(2x+1) (x=2) (x=3)

= Alog|2x+1]+ B log|x—2|+C log|x—3|+ D, then:

3 1 2 3 1. 2
A=—_B=_—-cCc=% A=> B==Cc=%
) 35 5 7 ®) 3B 5 7
3 1. 2 3 1 . -2
A=—-B=—-Cc=-2% A== B=-,C=-2
© 35 5 7 (®) 3B 5 7
SOLUTION : (A)
x-1
Letf(X):.[(2x+1)(x—2)(x—3) N c=ﬁ—(12)} 2
X+ X—
__A . B _C x=3 1
~ 2x+1 x-2 x-3 6. dx 1 dx 2, dx
f(x)dx=— —= +—
= j ) 3572x+1 57 x-2 77x-3

x-1 6
> M), 1T 3 3 1 2
x=-3 =—£Iog|2x+1|—glog|x—2|+7log|X—3|+C

_ 1
= B:X—l Z—g
(2x+1) (x+3) |, _»

4.2 When denominator g (x) is expressible as the product of linear factors such that some of
them are repeating

Let D(X)=(xx-a)(x-a)(x-a)......... (x-a).

Then we assume that
RO _ A, A Ag A B ., B B,
D(x) x-a ' (x—a)? " (x-a)® +(x—a)k * x—aler—azJr """" X—ay,

.. corresponding to the non-repeating factors we assume as in Section 4.1 and for each repeating factors
of the type (x — a), we assume partial fractions of the type :
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Illustration - 15 J’ (6056-:1) 5in6

AR

X-a (x-a)?

Ag

(x—a)®

+

A
(x—a)¥

Integral Calculus - 1

where Al, Az, ...... An are constants.

Now to determine constants we equate numerators on both sides. Then from the resulting identity we can
find all constants by substituting the various values of x as we have done in Section 4.1.

(cos6— 1)2 (cos6-23)

do=log

A 1 B - 1
) sing -1 (B) sin@ -1
SOLUTION : (D)
Let cos O =x = —sin 0 dO = dx
(x=1)7(x-3)
Let f (x) =
X+1 A B C
] 2 =1 7
(x-1)¢ (x-3) Xx-1 (x-p= x-3

4.3

Equating numerator on both sides,

= x+1

=AXX-1)(x-3)+B (x-3) +C (x—1)?
Bytakingx=1,wegetB=-1.

By taking x =3, we get C = 1.

©)

°°Se‘;‘+ £(0)+C, then f (0) =

1 5 _ 1
cosf -1 (B) cosf -1

Comparing the coefficient of x?, we get,
0=A+C = 0=A+1 = A=-1

:l:-jf(x)dx

{I—dx+ 1 dx + de}
X—3

(x-1)°

=1 :Iog|x—l|—i—log|x—3|+C
x-1

x-1 1

= l=log| —|-——
X— x-1

=] cos0-1 B 1 LC
cos0-3 cos0-1

When some of the factors of denominator D (x) are quadratic (which can not be factorised

ruther) but not repeating.

Corresponding to each quadratic factor of the type ax? + bx + ¢, we assume partial fractions of the type

Ax+B
ax? +bx+c

, Where A and B are constants to be determined comparing coefficients of similar power of x

in the numerator of both sides. (The constants can also be determined using methods which we have used in

Sections 4.1 and 4.2).

self Study Course for IITJEE with Online Support 37



Integral Calculus - 1

Vidyamandir Classes

Illustration - 16

X+1 _1(2x—1J
If ——|+Btan +C, then :
IX e \/xz—x+1 V3
1 1 1 1
(A) A:ﬁ’Bzﬁ (B) A=§’B:ﬁ
1 1 1 1
© A=pB=3 () A=3.B=
SOLUTION : (B)
1 1
Let f(X):x3+1 (x+1)(x2—x+1)
A Bx+C
= f(X):(x+1)(x2—x+1) x+1 x2_x+1
= l=a(x*-x+1)+(Bx+C)(x+1)
Comparing the coefficients of x, x, X°.
0=A+B, 0=-A+B+C 1=A+C
= A=1/3, =-1/3
1 2
J— _7+7
3 3

= f=—S_4

x+1 x?-x+1

ldx

Let 1,=3 —1=§I09IX+1I+C1
2
Let I—J‘2 3dx_—i
-Xx+1 -Xx+1

dx

Express the numerator in terms of derivative of denominator.

= | —_1 ﬂ X
27 82 _
SOV IS ST
67 x°— 27 x“—x+1

» T
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4.4

4.5

= Izz—ilog|x2—x+1|+£jL
6 2 12 3
X—=1] +—
-3 -
1
1 2 2 1| 72 C
= lo =—=1log|x°—x+1|+ —=tan~ +
2775 gl | e 7 2
2

N IZ:—% Iog|x2—x+1|+itan_1(zx_1J+C2

5\

S| SX =[fo0dx=1y+15 = % log| x+1] —%Ioglxz—x+1| +itan_1(2x4}+c

VR O

xX° +1

1 X+1

==log | ———— +itan_1(ﬁJ+C
3 VX2 —x+1 V3 V3

When some of the factors of denominator D (x) are quadratic (which can into be factorised
further) and repeating

For every quadratic factor of the type (ax® + bx + ¢), we assuming partial fractions of the type :
AX+E AnX+ B,
ax? +bx+c  (ax® +bx+c)? (ax? +bx +C)"
The constants are determined using method which we have already discussed Sections 4.1 and 4.2.

A2X+Bz

When integrand contains only even powers of x

The integral in which the integral contains only the even powers of x can be evaluated through the follow-
ing steps :

Step — | : Consider integrand and put X* =tin it.

Step — I - Make partial fractions of the resulting rational expressionint.

Step — 111 : Put t = x* again in the partial fraction and then integrate both sides.
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[llustration - 17 x2 dx

If j Alogx—_1+Btan‘1x+C,then:
x* 1 X+1
1 1 1 1
A=—,B=— A:—,Bz_
* 2 2 ®) 4 2
1 1 1 1
A=—,B=— A:—,Bz_
© 2 4 (©) 4 4
SOLUTION : (B)
2
jx ax j > X dxz Put t=+1togetA=1/2, B=1/2.
X“=1) (x“+1) 1 1
As the function contains terms of X2 only, substitute = t -2 ;2
x2 = t and then make partial fractions. -+ t-1 t+1
t A B Covert t = x? again before integrating.
= +
t-D@t+D) t-1 t+l x2 dx 1/2 1/2
= = I=[— 2 I dx
= t=A(+1)+B(t-1) (x* =1) (x* -1) x2 +1
=££Iog x-1 +1tan 1y+cC
22 X+1| 2
IN-CHAPTER EXERCISE - E
Evaluate the following Integrals.
dx 3x+5 X
i T AN % ———dx
0 ‘[x3 -1 (i) ‘[x3—x2—x+1 (i) '[(1+ X) (L+ x)
x—1 dx x4
i [————dx — 3o dx
@ | (x+1) (<2 +1) w | (x—1) (62 +1) vy | (x—1) (2 11)
2 2
X X“+1 1+ x+Xx
i dx (i —d
(vl '[ —a )(X2 b2 ) (vil) '[(xz +2) (2x2 +1) (b x3(1+ X)

40 Self Study Course for IITJEE with Online Support



Vidyamandir Classes Integral Calculus - 1

INTEGRATION OF IRRATIONAL ALGEBRAIC FUNCTIONS Section - 5

dx
5.1 Integrals of the type : Im

To evaluate these type of integrals we substitute /linear =t . This substitution will reduce the integral to
one of the known forms.

lllustration - 18 A8 ILZK,M f(x)|+C, then f(x)=

(X+D/x+2
A JXx+1-1 . X+1+1
) JXx+1+1 ®) Jx+1-1
C JX+2-1 5 NX+2+1
© VX+24+1 ®) Jx+2-1
SOLUTION : (C)
ax
Let I=_[— dx 2t dt
X+1)VX+2 = =
| (x+1) jx+1(Jx_ '[t—1\/7 .[
Substitute: x +2 =t? = dx = 2t dt
:zlogt—+C vx+2-1 +C
2 Vx+2+

dx
quadratic~/linear

5.2 Integral of the type : I

To evaluate these type of integrals we substitute +/linear =t . This substitution will reduce the integral to
one of the known forms.

Illustration - 19 X

If J‘ VXx-=1-1
(x2 -3x+2)vx-1

Mx-=1+1

dx = 2log + f(x)+C, then f(x)=

(A)
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SOLUTION : (C)

dt dt
Letx— 1=t =  dx=2tdt :4jt2—1_2jt_2
(t*+1) 2t dt
2 2 2 I = Zlogli22|s £
J‘(t +1)° =3 (t° +1) +2 4/t? = > 09‘t+1 i +C
2
t< +1) dt 1-
:2j—(4)2 :>|=2|og\/Xll+ 2 .
7+t Ix-1+1] /x+1

t2

1 2 1
— | =2j—t2(t;_1) dt=j(t2—_l—t—2J dt

5.3 Integral of the type :

_[ dx
(ax2 +b)V ox? +d

1
To evaluate these type of integrals we substitute x = . This substitution will reduce the integral to one ofthe

known forms.

Illustration - 20

= —tan"1(f (X)) +C, then f(x)=

If _[ dx
(x2 +1) VX2 +2

1
A ® |tz © 2 © 3

SOLUTION : (D)

dx
Let | = Let 1+2tP=722 = 4tdt=2zdz
'[(xz +1)V X% +2 =
1 1 -1 z2dz —dz _
Substitute:x == = dx= 7 dt I:—I 5 =I > =—tan 174C
t t 2 PR N
I 2
N |_I t2 _I —tdt
N - 2\ 1 o2
[12+1j\/12+2 (1+t ) 1+2t = l=—tan'V1+2t®> +C=—tan? 1+32+c
t t X
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dx
linear \/quadratic

5.4 Integral of the type : I

1
To evaluate these type of integrals we substitute Linear = . The substitution will reduce the integral to

one of the know forms.

Illustration - 21 I

=sin"}(f(x))+C, then f(x)=

dx
f
I(x+2)\/x2 +6Xx+7

1 1 X+1 X+1
) x/E(x +1) (B) x/z(x+ 2) © \/E(X+ 2) (D) x/E(x +1)

SOLUTION : (D)

Let I = dx

B [ 1

(x+2) X2 +6x+7 —t—zdt it
Substitute : = |= I __I
1 1 1 [iratet? L2ttt
X+2= i = dx = - t_2 t {2
= X*+6x+ 7
1+2t—t2 ~ posint| X
(1o ofdofr B o)’
t

5.5  Integral of the type : J'f(x (ax+b)™/™ (ax+b)™2/"2 .. )dx

where fis a irrational functionand m,, n,, m,, n, are integers.
To evaluate this type of integral we transform it into an integral of rational function by substituting ax + b =t5,

where s is the least common multiple of the numbersn, n,, ......

Illustration - 22
If
J.,/x+1+ X+1

A 1 (B) 2 C) 3 (D) 6

| as M2 @t
3 2

+(@1+ x)ll6 —Iog‘ @+ x)ll6 +1U+C, then k :
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SOLUTION :

= | :6j(t2 —t+1—iJ dt
1+t

Let | :J' dx
3\/x+1+\/x+l

| =
- '|.(x+1)1/3 +(x+1)1/2

The least common multiple of 2 and 3 is 6.

dx 2 12
= |1 =6 €—E+t—log(t+1) +C

On Substituting t = (1 + x)*®, we get

So substitute x +1=t* = dx=6tdt U2 U3
1+x 1+x
o 6t5dt_6jt3dt |=6[( 3) - 2) +(L+ %)M ~log
=2
—Iog‘(x+l)1/6+l‘)+c
5.6 Integral of the type : [x™ (a+bx")Pdx,

where m, n and p are rational numbers.

To evaluate this type of integral observe the following steps :

() Ifpisaninteger, the integral reduces to the integral of a rational function by means of the substitution
X =, where s is least common multiple of the denominator of the fractions m and n.

(i) If(m+1)/nisaninteger, the integral can be rationalised by the substitution a + bx" = t*, where s is
the denominator of the fraction p.

(i) 1f(m+1)/n+ pisaninteger, substitute ax™+ b = t5, where s is the denominator of the fraction p.

m 1/2 5/2\7/2 5/213/2 5/2\5/2
fIx13/2(1+x5/2) dx:k[(lJrX7 ) +(1+X ) +2(1+X5 ) J+C, then k =

3
(A 2/5 (B) 4/5 © 5/2 (D) 5/4
SOLUTION :
1/2
Let | = j X132 (14 x5/ 2) dx = (m+1)/nisaninteger. So thisintegral belongs
to type 5.6 (ii).

Comparing with integral of type 5.6, we see that

p = 1/2 which is not an integer.
So this integral does not belong to type 5.6 (i).
Check the signof (m+1)/n

m+l o
n

v O

To solve this integral, substitute 1+ x%2=1¢2

= 5/2x32 dx = 2t dt

1 :éj(tz ~1)2 t2)Y2 2t dt

Ar2.2 2
N I_gjt (t% —1)%dt
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46 2 .4
- |_§jt +t2 — 2t dt
7 3 5
4(t" t t
=2 —+——-2—1|+C
= 5[7 3 5]

On substituting t = (1 + x¥%)Y2, we get

Integral Calculus - 1

5/27/2 5/23/2 5/25/2
I:ﬂ 1+x77) +(1+x ) +2(1+x ) LC
5} 7 3
5.7 Integration of irrational algebraic functions by trigonometric substitutions

Those Irrational functions which in involve either of \/ a2

....... terms and

—x2, \/a2+x2, Jx? a2

no other radical, can be integrated by a suitable trigonometric substitution. The trigonometric substitutions

are similar to those given in Section 2.2.

lllustrating the Concepts :

Evaluate : (i) m (i) I
() Let: j—f[_—_ 9
J.(ZaXJr $2)312
dx

= |=

3/2
[(x - a)2 —a? }
Putx+a=a secO = dx=asecOtand do
On substituting in I, we get

-

asec 0tan0do J-asecetane

(a2 sec? e—a2)3’2 - a®tan®0
= I=%Isececot29de 2.[ cose
sin 6
2J-d(sme) 40— — 21_ LC
sin“ 0 acsino
= |:_iLa+C

a’ VX2 + 2ax
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\/x24+1 dx
X

| :I X24+l dx

X
Putx=tan = dx =sec’0d O

On substituting x and dx in I, we gets

(i) Let

t 1
I_I\/ an? 6+ ec? 0.do - Isec 0do
tan* 0 tan* 0
N Icose 40— jd(sme)de
sin” 0 sin” 0
1
I =— +C
- 3sin®0
On substituting value of sin 6 in terms of x, we
get
2,3/2
| —EM-FC

3 x3

AT
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IN-CHAPTER EXERCISE - F

Evaluate the following Integrals.

" I(x+1)3’g§x—1)1’2 v (;:%dx Wl (1+x);3ﬁ

(vii) I(x2+4)XJx27+9 dx i) | */1;7 dx ® ﬁ dx

v b ilii > o %dx R e (ix) @+
"REDUCTIONFORMULA  Section-6
6.1 Introduction

Some functions occur whose integrals are not immediately reducible to one or other of the standard form
and whose integrals are not directly obtainable In such cases we find out a formula (called reduction for-
mula) which connects one integral with another in which the intergrand is of the same type but is of lower
degree or order and hence easier to integrate.

The following examples will illustrate you the concept of deriving the reduction formulas for various func-
tions :

If 15 = [sin" xdx, then I, = + f(n)l,_p, for f(n)=

[llustration - 24 . n-1
—cosxsin’ X
n

SOLUTION : (A)
Let I, :Isin”x dx :.[sinn “Ix.sinx dx

Apply by parts taking sin"~* x as first part and sin x as second part.
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2

= In:sin”_1x~(—cosx)+j(n—1)sin”_ xc0s? x dx

= —C0S xs:in“_1x+(n—1)J'sin”_2 X (L—sin? x) dx
= —COS xsin”_lx+(n—l)J'sin”_2 xdx—(n—l)J'sinn X dx
= 1y=-cosxsin" Ix+(n-1 1, ,—(n-1 1,

n-1
. n- COs Xsin X n-1
= nl,=—cosxsin" " Ix+(n-1)1,_,; I=— +—1y_>

n n

Illustration - 25

If 1, :_[tann x dx, then (n-2) (I, +1,,_5) =

(A)  tan"?x B) tan"lx ©) tan"x (D)  tan™1x
SOLUTION : (B)
Here 1 = [tan" xdx:J'tan”_2 X tan® x dx tan" L

= Iy+lh_o=
:J'tan”_2 X (sec® x —1) dx n-1
Hence (n-1) (I +1 _)=tan""'x.

n-2 2
:jtan xsec” xdx—1I,_»

[llustration - 26 n—2

C xtan x

If Isec”x dx =2 + f (n)J‘sec”_2 xdx, then f(n)=

n n-1 o N2
— ® — © ©)

SOLUTION : (C)

n-1
n_

(A)

N

Let In:jsec”x = In:Isec”_szeczxdx

Apply by parts taking sec"~?x as the first part and sec®x as the second part.
- d _
I, =sec” ~2 x[sec?x dx— [—(sec” 2 x) [sec? xdx} dx
= J Il [

3

= 1, =sec" "2 xtan x—j(n—Z)sec”_ X Sec X tan x tan x dx

= 1, =sec" " ?xtan x—(n—Z)Isec”_Zx(seczx—l) dx
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= 1, =sec" "2 xtan x—(n—Z)Isec” xdx+(n—2)jsec”_2xdx

2

= I,+(-2)1,=sec" ?xtan x+(n—2)jsec”_ X dx.

= (n-1)1, =sec" "2 x tan X+(n-2)1,_>»

sec" "2 x tan x

n-1

-2 _
Hence I sec"x dx = Ml I sec” ™ 2x dx.
n-1

Illustration - 27

If 1, = [e® cos" xdx, then I, =ea"(ﬂJcos”‘1x+%ln_2 for f(x)=

a% +n? a’+n
(A)  acosx+nsinx (B)  asinx+ncosx
(©)  a%cosx+n?sinx (D) a%sinx+n2cosx

SOLUTION : (A)

Let I, :Ieax cos" x dx

Apply by part taking cos"x as the first part and e* as the second part.
d
= I, =cos" x [edx— || —(cos" x)|e* dx} dx
=008 e 0 [ & (oo |

eax 1 eax
= |, =—cos" x—jn cos” ~x (=sin x) — dx
a a

1

1 n 1
= |l,==e*cos" x+—j(cos” xsin x) e®dx
a a

Apply by parts again taking cos"~* x sin x as first part and e* as second part.

1 n 1. . neld 1
1, ==e™cos" x+ 2 (cos” 1x3|nx)jeax——j[—(cos” 1xsmx).[eaxdx}dx
a a a’[dx

(04 ax

. e n _2 . _ e
1xsmx———j[—(n—l)cos” 2 xsin® x+ cos" 1xcosx}—dx
a a a

1 n -
= I, == cos" x+— cos"
a a

1 n 1. n(n-1 _ n
= I, ==ecos" x + — e cos" 1xsmx+gjea" cos” 72 x (1 - cos? x) dx——jeax cos" x dx
a a’ a’ a’
1 ax . .n N ax a oN—1y i n(n-1) n?
= 1, =—e" cos X +— €7 cos x5|nx+—2ln_2——2In
a a a a
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n(n—l)I
a2

2
n 1 . _
= In=[1+—Jln:—eax(acosx+nsmx)cos” Lx+ 5

2

) ax n-2
5 5 2.[9 cosS X dx

a +n

a cos X + nsin X _ n(n-1
Hence Ieax cos" x dx = e cos" 1 x - (
aZ+n

This is the required reduction formula.

Illustration - 28 m
COS"' X COS X

If 1nn =Icosmx sinnxdx=f(m, n)l 41—, then f(m, n)=
’ ’ m+n
A m 5 n c m-1 D n-1
) m+n ®) m+n © m+n (©) m+n

SOLUTION : (A)

Let 1 :Icosm X sin nx dx

Apply by parts taking cos™ x as the first part and sin nx as the second part.

COS NX _ : COS NX
— | =cos™x (— j—jm cos™ ~x (=sin x) (— j dx
m.n n n

cos™ xcosnx _m
n n
Now sin (n — 1) x = sin nx cos X — COS Nx sin X
= COS Nx sin X = sin nx cos X —sin (n — 1) x.

= Inpn= [ cos™ = (sin x cos nx) dx

m
cos™ xcosnx m o .
= Imn =————Icosm Ix[sin nx cos x—sin (n—1) x] dx
1 n n
cos™ xcosnx m m 1
= lInn =————Icosmxsin nxdx+—jcosm_ x sin (n —1) x dx
’ n n n

m cos™ xcosnx m
= I+—1lgn=- +—Im_1n-1

n n n
m
o ~m | COS'" XCOSNX
™M min m-1n-1 m+n
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IN-CHAPTER EXERCISE - G

Integral Calculus - 1

1. Find the reduction formulas for the following functions.

@) I cos"x dx (ii) I cot"x dx (iii) I cosec”x dx

m -
cos xsinnx — m
2. If Iy n :Icosmx cos nx dx, thenshowthat: Iy, , = +

lm_1n-
m-+n mtn M-Ln-1
3. Find the formula for Ieaxsin”x dx..
Evaluate the following :
1
4, .[[x/tanx+\/cotx]dx 5. Il+3sin2x dx
J. do J. 1 dx
6. (sin®—2cos0) (2sin6 + cos o) ’. p + qtanx
1 2 —sinx
————dx ————dx
8 J.sinzx + sin2x 9. J.2 CoSX +3
1 e*
10. fl_cotx 11. fex o dx
_[ a+Xx dx J~ 1 dx
12 a—x 13- Jsin(x=a)sin (x=b)
3X+5 X
dx ——dx
14. J.x3—x2—x+1 15 '[(1+x)(1+x2)
1 a2 _ x2
dx X dx
16. J.sin X (5+ 4 cos X) 17 I a2+ x?
sin~x dx 12
18. jW 19. I[1+2tanx(tanx+secx)] dx
@-x%)
20 [log (1+ x2) dx 21 [sinxlog (secx+tanx) dx
COS X 1
——dx dx
22. J.cos (x—a) 23. J.cos (x—a)cos (x—h)

T scino N
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24,
26.

28.
30.
32.
34.
36.
38.
40.
42.

44,

46.

48.

50.
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Itan_1 /1_—X dx
1+ X

J-x—sinx
1-cosx

dx

1

J.\/(x+a)+\/x+b *

X
d
J.Jx+a+«/x+b X

J.;dx
(X+2)x-1

1
I 3 dx
XS —2xcos0+1

J.;de
1+ 3e* + 2e°%

'[Z(x+

le/_
1++/x

1)3/4

1
Ix+ x+1dx

jX3+X2+X+2

dx
x*+3x% +2

Isecx+ldx

1
EE—
SIN X + SeC X

J‘\/COS 2X dx

sin X

25.

27.

29.

31.

33.

35.

37.

39.

41.

43.

45.

47.

49.

ol.

Integral Calculus - 1

sin 2x
.[ . 4 4 dx
Sin“ X 4+ cos™ x
Ilog3x dx
X
I L dx

log x* [(log X)? —3log x —10]

X\’az — X2
I 7 X
a + X

1
I[Iog log x + (10g x)z} dx

J~3+4sinx+2005x
3+ 2sinXx+ cos x

dx

er
———dx
.[(eX +1)1/4

I sec? x cosec?x dx

2 2

Ia;de
X

J';de,a>b
(a+Dbcosx)

jx4—2x3+3x2—x+3

dx
x3 - 2x2 + 3X
J. sin X
sin (x — a)

1

—dx
\/singx sin (x + a)

je (x —x+2)d
(1+x)
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Xx-1
dx . 111 [2a-x
—,/ d
'[(x+1)\/x3+x2+x 53. jxsm [2 " }x

52.
x—1 2
dx X
d
T D) (x+ 2)5]1/4 S (xsinx+cos 02
sin (X — o) X% +1 (log (x* +1) — 2 log X)
o6. I\} sin (X + o) x o7 .[ W4 dx
sinx (cos x —sin x)
58. jsin 4x dx 59. j 7 —9sin2x
1
60. jcos (x+a)cos (x+b) dx
THINGS TO REMEMBER

1.  Properties of Integration :

() jk f (x)dx:kjf (x) dx

(ii) j [f, () % fp ()& f3 () %........ + f, (X)]dx

= jf () dxij f, () dxijfg(x)dxi ....... ij f (x)dx

(i) j (( )) dx=In| f(x)|+C

v [rroorteoa=lrer o

) n+1

W) j f (x) dx = g(x), then j f (ax +b) dx=§g (ax +b) +C
2. Integrals of Basic Trigonometric Functions

52

()  [sinxdx =—cosx+C (i) [cosxdx=sinx+C

(i) I sec’ x dx =tan x +C (v) I cosec® x dx = —cotx + C

) jsec Xtan x dx=+secx+C (i) jcosec x cot x dx =—cosecx + C
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38

Integral Calculus - 1

Integrals of Basic Inverse and Exponential Functions

: dx | . dx -1
0] =sin " x+C;|x|<1 (i) =tan " x+C
J.\ll—x2 J.1+x2
) [ m—=sectx+CilxI>l () [a'dk=2+Ciaxla>0
xyx% —1 loga

(V) jex dx=e*+C
Further Generalisation of Some Results using property 1.2 (v)

_ 1 (ax+b)" ! _ dx 1 -1
® I(ax+b)” dX_ETJrC (W J.(ax+b)2 a(ax+bJ+C
_ _ dx 1 -1
(i IvaX+ ArbC W) J.(ax+b)|o a(p-1) (ax+b)P!
(v) IaXlerdX:g|°9|aX+b|+C (Vi) J'sin(ax+b)dx:—§cos(ax+b)+C

(vii) jCOS (ax +b) dx=+§sin (ax+b)+C (viii) jsec2 (ax +b) dx:étan (ax+b) +C
() [ cosec? (ax+b) dx= —é cot (ax+b) + C
(X) jsec (ax +b) tan (ax+b) dx=§sec (ax+b)+C
(xi) JCOS@C (ax +b) cot (ax + b) dx = —% cosec (ax +b) + C
1
- eax+bdX:—eaX+b+C
(i) j 3

Integrals of tan x, cot x, sec X, cosec x

f
[ ((X)) dx = log| f (x)[+C [Also given in Section 1.2 (iii)]

j derivative of denominator

: dx = log| denominator |+ C
denominator

ie.
If g (x) is acontinuous and differentiable function, then to evaluate the integral of the form
I f [g(x)] g’ (x) dx, we substitute g (x) =tand g’ (x) dx = dt.

The substitution reduces the integral I f[g(x)] g’ (x)dx to the form I f(t) dt ie.
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7. When the integrand is of the form tan"x sec"x, the following cases arise :
(@)  Whenm s even positive integer, substitute tanx = z.
(b)  Whenn is odd positive integer, substitute secx = z.

8. Whenthe integrand is of the form cotnx cosecmx, the folliwng cases arise :
(@)  When mis even positive integer, substitute cotx = z.
(b)  When nis odd positive integer, substitute cosec = z.

9. When the integrand is of the form sin™x cos", the following casesarise :
(@ When m is odd positive integer, substitute cosx =z.
(b) When n is odd positive integer, substitute sinx =z.

10. Important Substitutions

Expression Substitution

az+ x? X =atand or X = a cotd
a%—x? X =asind or X = a cosO
X2 —a? X = a secO or X = a cosecO

a—Xx a+ X

—  or — X = a c0s20

a+Xx a—Xx

X—a .

B_x or J/(x—a)(B-x) X = o c0s%0 + B sin’0

11. Some standard results derived using substitution method

I dx —ltan_1§+c :
a2 y2 a a [use x =tan® or x = cotO to derive the result]
,[ dx 1 loal X214 ¢ _
YAPYA S 77 g X—a [use x = a secO or x = cosecO to derive the result]
dx 1 o 12X ¢ _ _
.[ 228285, g a—x [use x =a cos6 or x = a sind to derive the result]

dx ‘ [ 2 2 ‘
I /X2 e =log|x+yx*+a®|+C [use x =atan® or x = cot0 to derive the result]
dx ‘ / 2 2‘
I /Xz _ =logjx+yx* -a%|+C [use x = a secO or x = a cosecH to derive the result]
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.[ /7 =l (_J b [use =xasin 6 or x =a cos 0 to derive the result]

dx 1 _q1]x
=—sec

J'\/az + x2 dx:gda2 + %2 +a—22Iog

2
I x% —a® dx:5 x% —a® +a—log
2 2

+C

a

[use x = a secb or x = a cosec 6 to derive the result]
x++/aZ + x°
X + /X% — a’

[2 24 X[2 2,8 . 1X
I a“—x dXZE a“—x +7sin_ —+C [Use x = sin 6 or x = cos O to derive the result]
a

12.  Integrals of the type 4d ;dx,j\/ax2+bx+cdx.

aX +bx+c '[Jaxsz_kc

To evaluate this type of integrals we express quadratic expression ax? + bx + ¢ in the form of perfect square
and then apply the formulas given in section 2.3.

+C [Use x =tan 0 or x = cot 0 to drive the result]

+C [Use x =sec 0 or x = cosec 0 to derive the result]

13. Integrals of the type :

[P gy [ o L

b
ax? +bx+c (b) Vax2 +bx+c ax? bx + ¢

where p (x) is a polynomial of degree greater than or equal to 2.
To evaluate the integrals of type (a) and (b) we express the linear factor in the numerator as :

px + g = m (derivative of quadratic expression in the denominator) + n
(where m and n are unknown constant to be determined by equating the coefficients of x and constant terms
on both sides)

@)

14. Integrals of the type

J' dx J' dx J- dx
2 2 2 ! 2]

asin® x+bcos® x * a+bsin® x ° a+bcosx,
'[(asmx+bcosx)

tanx.
To evaluate this type of integrals we proceed in the following manner :
STEP-1 Divide numerator and denominator both by cos?x.
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15.

16.

STEP-II Put tanx = t, sec?x dx = dt.
This substiution will convert the trigonometric integral into algebric integral.
f (t)dt

> , Where f (t) isa polynomial
At“+B+C

After employing these steps the integral will reduce to the form J'

int.
This integral can be evaluated by methods discussed in section 2.41 and 2.42.

X
Integrals of the type | o | 2 | o | f[tan 2) x
asinx+bcosx ?a+bsinx a+bcosx Jgsinx+bcos x+c

where f (tan x/2) is a polynomial in tan x/2.
To evaluate this type of integrals we proceed in the following manner :

2tan X 1-tan? X
STEP-1 Putsinx = —2x and cos = )2(
1+tan® > 1+tan® >
2 2
STEP-1I Replace 1 + tan? x/2 in the numerator by sec?x/2.
1 -x
STEP-IIl Puttanx/2=tand - sec de =dt
After performing these three steps the integral reduces to the form J' _ vier where f (t) isa polyno-
At? + BT +C

mial int. This integral can be evaluated by methods discussed in section 2.41 and 2.42.

Integrals of the type j asinx+beosx dx
csinx+dcosx
To evaluate this type of integrals express numerator as follows :
Numerator = m (Derivative of Denominator) + n (denominator)
= (a sinx + b cosx) = m (c cosx — d sinx) + n (c sinx + d cosx)
where m and n are constants to be determined by comparing the coefficients of sinx and cosx on both sides.

Therefore,

J'aSinX+bCOSde_ jm(ccosx—dsinx)+n(csinx+dcosx) dx
csinx+dcosx csin x+d cos x

d .
—(csin x+d cos x)
=mjdx : dx+njdx
csinx+d cos x
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17.

18.

19.

20.

21.

22.

asinx+bcosx+c

Integrals of the type [ OSIN X+ QCOSX I T dx

To evaluate this type of integrals express numerator as follows :
Numerator = | (Derivative of Denominator) + m (denominator) + n

= asinx + b cosx +c=1(ccosx—qsinx) + m(p sinx+ g cosx +r) +n
where I, m and n are constants to be determined by comparing the coefficients of sinx, cosx and constant
terms on both sides.
Therefore,

_[ asinx+bcosx+c dx :J-I (psinx—qgcosx+r)+m(psinXx+gcos+r)+n

psin X+QCcosX+r psSinX+QCcosxX+r

dx

d .
—(psinx+qcosx+r)
=|Idx . dx+mjdx+nj : ax
psSinX+QCcosX+r psin X+QCcosx+r
:IIn|psinx+qcosx+r|+mx+nj B +C

pSin X+qCoSX+r
The last integral on RHS can be evaluated by the methods given in Section. 2.44.

If we take u as part 1 and dv as part 2, then the above result can be written as :

I (part1) (part 2) =(part 1) [integral of part 2] — I [integral of part 2][differential of part1]

Integrals of the Type [e*[ f (x) + f'(x)] dx

Let  1=[e*[f(x)+f'(x)]dx = 1=[e* () dx+[eXF(x) dx

dx
linear «/linear

To evaluate these type of integrals we substitute /linear = t . This subsitution will reduce the integral to one of
the known forms.

Integrals of the type : I

dx
quadratic ~/linear

Integral of the type : J‘

To evaluate these type of integrals we subsitute /linear =t . This substitution will reduce the integral to one
of the known forms.

Integral of the type :

J‘ dx
(ax2 +b) Vex? +d

1
To evaluate these type of integrals we substitute x = . This substitution will reduce the intergral to one of the

known forms.
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dx
linear \/quadratic

23. Integral of the type : I

1
To evluate these type of integrals we subtitute Linear = . The substitution will reduce the integral to one of

the know forms.
24. Integral of the type : J' f (x, (ax+b)™/™ (ax+b)M2/"2, . ... ) dx
where fis a irrational functionand m,, n,, m,, n, are integers.

To evaluate this type of integral we transform it into an integral of rational function by substituting
ax + b =t°, where s is the least common multiple of the numbersn,,n., ... ..

25.  Integral of the type : [x™ (a+bx")P dx,

where m, n and p are rational numbers.
To evaluate this type of integral observe the following steps :
() Ifpisaninteger, the integral reducesto the integral of a rational function by means of the substitution

X =, where s is least common multiple of the denominator of the fractions m and n.
(i) If(m+1)/nis an integer, the integral can be rationlised by the substitution a + bx" = t°, where sis

the denominator of the fraction p.
(i) If(m+1)/n+ pisaninteger, substitute ax™+ b =t*, where s is the denominator of the fraction p.

26. Integration of irrational algebraic functions by trigopnometric substitutions

Those Irrational functions which in involve either of \/ a%—x2, \/ a% +x2, \/ x2_a%....... terms and no

other radical, can be integrated by a suitable trigonometric substitution. The trigonometric substitutions are
similar to those given in Section 2.2.
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SOLUTIONS TO IN-CHAPTER EXERCISE - A

i \/_12d— L)) om {xces [ Lo o= 24 C
(i) J'( X—Tj x—j{x+;— J x=[x x+j; x—| x_?wnx_ X4

X
3 2 712 5/2 1/2
X +3x°+4 X X 4x
(i) [————dx=[x"2dx+ [3x¥ 2dx+ [axH2dx=——+ 3. + +C
JIx 712 ' 5/2 1/2
dx Jax+b ++Jax+c 1 2(ax+b)3/2 2(ax+c)3/2
(III) J. =J. dx = — +— +C
Jax+b—+ax+c b-c (b-c)(3 a 3 a
. X3 +3x% +2x +1 2 7 X3 4x2
(iv) _[ dx:j(x +4x+6)dx+ ——dx=—+—+6x+7log | x-1]+C
x—1 x-1 3 2
3 €0s 3X +3C0S X 111 . .
) jcos xdx:j dx =—| —sin3x+3sinx |+C
4 413

(vi) j(tan X + cot x)2 dx = I(tanz X +Cot2 X+ Z)dx = j(secz x+coseczx)dx =tanx—cotx+C

1 in2
(vii) Isin x\/l—Cde=jsinx.ﬁ(sinx)dx:\/§jsin2 xdx:x/§><5[x—sm2 X}FC

Xa+1 aX
+—+C
a+1l loga

(viii) J‘(ealogx+exloga)dXzJ‘(Xa+ax)dX=

1 1
(iX) jcos X .COS 2X.C0S 3X dX = jz(cos 3Xx+C0s x ) cos 3xdx = > UCOSZ Ixdx + Icos X COS 3de}

=%U(l +c0s 6x)dx + jcos4xdx - jcostdx} = % (x , Sinbx  sindx sin2xJ+C

6 4 2
(x) I(l+ X)V1-x dx = —I(—l—x)\/l—x dx = —I(—2+1— X)V1-x dx=J'2\/1—_xdx—j(l—x)?’/2 dx
4 32 2 5/2
=-——(1-x +—(1-X +C
xS0
3/2 1/2
2x-3 12 (2x+1) (2x+1)
(xi) _[ dx:I\/2x+1—4I(2x+1) dx = 4 +C
Vv2x+1 E.Z 1.2
2 2
sin X +COos X sin X +COos X sin X + cos X
iy [ dx = [ dx

dx =
J1+sin2x I\/(sinx+cos x)2 | sinx+cos x|
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X+C V XG(ZI’V{—— 2n7r+3—”J
4 4

—-X+C V x e(Znn +3Tﬂ’ 2Nz +7TﬂJ

1 sin4x COS4X
(xiii) Ism XCOS X (sin2x+cos 2x)dx jsm 2xdX +— .[S|n4xdx_— - +C
4 4
X X
sin? x 4sin? = cos? = X X tan—
(xiv) I 5 dx= 2 2dx:jtanz—dx:j(secz——lex=—2—x+C
(1+cos x) dcos? X 2 2 172
1 1+sinx 2 _
(xv) I ——dx= I dx:jsec X dX + jsecxtanxdx =tanx + secx + C
1-sinx cos® X
) 1 1+ cos X 5
(xvi) I dx = I dx = I cosec-xdx + I cosecx.cot X dx+C = —cotx — cosecx + C
1-cosx sin® x
SOLUTIONS TO IN-CHAPTER EXERCISE - B
() j j ; Lete*=t = e*dx=dt
eX+e” e?
dt -1
=I 5 =tanlt+c=tanteX+C
t°+1

(i)  Letl-x=t = -3x?dx=dt

Ixsdx (1-t).dt( 1) ((t-1) 1 1
(1—x3)2:jt—2(_§J:J 2 dt:§£n|t|+§+c
1 1
==/n|l X3|+3(TX3) +C

3

dx Letx*=t = 4x3dx=dt

X +\/1+x

(ii) j

:—Zn +C
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_ 2xtan1 x2 t2 e
(IV) J.de Itdt—; +C {Puttan X" =t = 1+X dX dt
2
(tan_lxz)
=——+C
2
Sin X + €oS X dy— Idt _1+C
V) (sinx— cosx) o2 [Putsinx—cosx=t = (cosx +sinx) dx = df]
-1
= 2+C
2(sinx—cos x)
d dt -1 1 1-
- IL:_ ) —1 —(1-p) (ax2+b) P
(Vi) (ax2+b)p 2a "t 2a(p-1tP " 2a +C

. cos®
(vii) Imdx

1

[Putax’? +b =t = 2axdx=dt]

Letsinx =t2 = cos x dx = 2t dt

—t4) 5

)

2t 2
. 2tdt = 2t —?+c = 2+/sin —g(sin x)5/2 +C

(viii) J'cos x.tan®xdx  Letcosx=t = —sinxdx=dt

:jsinx

+t{+C=secx+cosx+c

Sm—x —j( )dt_l

cos? x
. 6 5 t© sec6 X

(ix) J' tanx.sec” xdx = I tvdt = EJFC: 5 [Letsecx =t = secx. tanxdx = dft]
) [tan®x.sec®x dx=j(t2 —1) tdt [Letsecx =t =  secx. tanxdx = df]

7t5 7 5

:I( 6_ )dt U oo Secx sectx
7 5

7 5

dx dt
: = sec tdt _ 1 -
(xi) Ixcos (Iogx Icos 2 .[ [Letlogx=t = < .dx =dt]
=tant + ¢ = tan(log x) + ¢
(t2+a ) tdt
(xii) I 3/ 2 j [Letx?—a?=t* = 2xdx = 2tdt]
(x-a )

2 2 2
a a2 2 a
_ I[1+t—2]dt—t " +C=4/X" -2 > +C

X —a
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SOLUTIONS TO IN-CHAPTER EXERCISE - C

(1), (i), (111) - Similar to illustration - 17 ; (iv)  Similar to illustration - 18
(v) Similar to illustration - 19 ; (vi) Similar to illustration - 20 (i
(vit)  Similar to illustration - 21
(vill) 2+ 3cosx = /(sinx + 2cosx + 3) + m(cosx — 2sinx) + n
Comparing coefficients of sinx, cosx and const. term,we get :

2=3/+n;3=2/+m;/-2m=0 m—E'E—E'n——§
= n;3= m;/—-2m-= = c c c
N I _ 3C0S X+2 dx=§jdx+§j _cosx—25|nx dx—gf _ dx
SinX+2c0s X+3 5 57sinx+2cosx+3 57sinx+2cosx+3
:§x+§Iog|sinx+Zcosx+3|—§j - ax
5 5 57 sinx+2cosx+3
| _.[ dx
Let 1 SinXx + 2cosx + 3
sin x= 2tanx/2 _l—tanzx/2
Put 1+tan®x /2" 1+tan®x/ 2 and Let tanx/2 =t
dx secZ x / 2dx secZ x /2 dx
= h= I i - X X - X X
SINX+2C0SX+3 2tan > +2-2tan? = +3+3tan’x/2 " tan® > +2tan~+5
2 2 2 2
Substitute tan§=t = seczgdx=2dt = I1=tan‘1(MJ+c
. dx dx .
(ix) J' - [Proceed similar to ()]

(2sinx +300$x)2 (4sin2x+9coszx +12$inxcosx)

J' dx _.[ dx
) cos X (sinx+2¢os X)

£0S X SiN X+ 2 Cos2 X [Proceed similar to (v)]

x2dx 1I2x2dx_ljx2+ld ljﬁ

(xi) EPIREY DU Iard Punw i) b dx [Proceed as in Illustration - 22]
- dx 1 2dx 1;1+x? 1.:1-x? _ _
(xii) A +1=§ Lo ) Lol dx +EI1+ A dx [Proceed as in llustration - 22]
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tan x .sec? x t.2t
Jtanx dx = —d = | ——dt )
(xiii) .[ I 1tan x I1+t [Puttanx =t* =

Integral Calculus - 1

sec?x . dx = 2tdt]

:jﬁdujtz—_ldt

1418 41 [Proceed as in Illustrations - 22]

(xiv)  Substitute cot x=t2 and solve.

= = dx _ oo
(xv) sind x+cos? x  * 1+tan® x (1 +tan’ x) [Puttanx =t = secxdx = df]
(l+t2).dt
= —1 4 [Proceed as in Illustrations - 22]
+

SOLUTIONS TO IN-CHAPTER EXERCISE - D

() Apply By-parts taking log(1 + x) as first part.

2 2
X 1 X X
xlog(x +1)dx=—1Iog(x+1)—=log(x +1)+ =——+¢
[x10g(x +1)dx = = log (x +1) = - log (x +1) + - -+
. . ] log logx 1
(i) Apply By-parts taking logx as first part. I—xz dx = — ~ X +C
1
(i) I—X_ dx = IM dx = jxsecz xdx — jx tan x sec xdx
1+ sinx cos? x

Apply By - parts taking ‘X’ as the first part in both the integrations.
= xtanx — /n|secx| —(xsecx—/n| secx +tanx|) + ¢
(iv)  Apply By - parts taking cos(logx) as first part and dx as second part.

— jcos(log x)dx = g (cos(log x) + sin(log x))

(v)  ApplyBy - parts taking 109 (Xﬂ/ x?+a? ) as first part and dx as second part.

(vi)  Putlogx=t = x=¢ = dx =et. dt
log X el X
I = dx= dt= dt - = 4+ ¢= +C
- J.(1+Iog x)2 '[ 1+t '[ LH 1+t ] t+1 1+ log x
? 1 2 1 2 X
I=[e* dx=[ e Lex*-2x —2x dx=[e* 5 X 5 |dx= © S+C
(vii)  Misprinting : 14 x2 (1+x2) 14X (1+x2) 14X
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1-sinx coseczx/ 2 X X
e* dx=|eX| === ""=_cot= |dx=—e*cot=+cC
(viii) J. ( j J. [ 2} 2

1-cos x 2
[ Iex(f(x)+ f'(x))dx=e*f (x)+c}

(iX) Jx/; (log x)2 dx = (log x)2 x gxslz —j2|ogx x%xéxa/z dx

2 32 2 4 2 32 1 2 32
=— X logx) " ——|logx x =x7"“ — | = x =—x~"“dx
3 <" (logx) 3( 9X73 3
3/2
_ 2,312 (log x)2 —§x3/2Iogx R c
3 9 27

(x)  Apply by - parts taking x? as first part.

(xi)  Apply by - parts taking log (\/1— X +4/1+ X) as first part and dx as second part.

J.Iog(\/l—x + 1+ x)dx:xlog (\/1—x + 1+ x)+§_7l[§ 1_ ¥2 +%sin‘1ﬂ

X
(xii)  Apply by - parts taking 109 (tan Ej as first part.

Icosxlog (tangjdx = sinx log (tangj —-X+C
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SOLUTIONS - IN-CHAPTER EXERCISE - E

(ii)

(iii)

(iv)

(v)

(vi)

(vii)

(viii)

(ix)
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Similar to illustration - 33

(3x+5)dx 3x+5 A B . C  FindA, B, Candintegrate.
I 2 : 2 = _ 2 ) )
(x=1)%(x+1) (x=1)"(x+1) X-1 (x=1)* (x+1)
X A + Bx+C Find A, B, C, and integrate.

(1+x)(1+x2)_1+x 14x2

X (1+ x)—(l+ x2)

Integral Calculus - 1

(x—1)dx X dx 1
'[(x+l)(x2+1) '[ (x+1)(x2+l) '[X2+1 '[1+X_ 2|09|X +Hi-loglLrx]e
L = A +B);JFC.FindA,B,Candintegrate
(x—l)(x2+1) x-1 x+1
2 2
I x4_1+1 dX:J_(x —l)(x +1)dx+j dx
(x-1) (x2 +l) (x -1 (x2 +l) (x —l)(x2 +l)
dx
= |(x+1)dx +
'[( ) '[(x—l)(x2+1)
«2
:7+x+ Iy where I is same as (v)th part.
X 1 1 1 1 x? -a
dx = X — dx = In
I(xz—az)(xz—bz) az_sz lxz_az x2—b2} 2(a2—b2) ‘Xz_bz‘
Put x2 = t and then make partial fractions.
(t+1) _A . B t+l 1t 21
(t+2)(2t+1) t+2 2t+1° _2t+1t=—2_§ ’ _t+2t=—1_3
2
X411 1 1
= (x2+2)(2x2+1) 3[x2+2 2x%+1
1 1 1 X 1 -1
i I==.——tan 1= + = JV2tan 12 x+¢
Integrate both sides = 32 26
1+ X+ X 1 dx 1 11 1
—dX = |+ =— + || =———— |dx = ——— + log|x|—-log|x+1|+C
x3(1+x) '[x3 '[X(X+1) 2x2 I(X X+1J 2x2 9lx}-leg



Integral Calculus - 1 Vidyamandir Classes

SOLUTIONS - IN-CHAPTER EXERCISE - F

x 3 +3 d
(i) I(x 3)/x+1 _I _j\/x+1 ~[x—3))i/x+1:2 s
To solve l, substltute x+ 1 t2
d d
(ii) I_IX T x dx SIXX - _Zj - 3X2X\/1+—X+C [Substitute x + 1 = 7]
I (x +2x+2) —j I xdx —2\/XT o,
(i) (x + 2X +2) (x + 2X+ 2)\/7 '
L = xadx
' J.(x2+2x+2)‘/x—1
Letx—1=t? =  dx=2tdt
I (2 +1) (2tct) (7 +1)dt
=2
[(t2+ 1)2 + 2(t2 + 1) + 2}(t) th +4t° +5
1 _ L2
_I@+ j@ +J)m+j@ Jéw ~ﬁ)m
t* + 42 + 5 t* + 42 + 5
(1 +\/2§J dt [1 - \/ng dt
L s et G 3 [ =y
(t—‘/tgj +(4+ 245 [t+{J ~ (25 - 4)

substitute t —? =7 = (1 + £J dt = dz ; substitute t + é =y = [1 - @J dt = dy
t

t?

(iv)

I x x-1 .o (x+1)—(x-1) tdt X —1
2 [x-1 Let —— =t | = dx =2tdt => |— = +C
(x+1) \/x+1 [ X +1 } (x + 1) t \x+1

2
X2 +2X +3 i = (X +2X+1)+2 dx Xdx 2dx

= | ————— dx = + +
) J‘(x+1)\/x2+1 (x+1)\/x2+1 '[\/x2+1 j\/x2+1 I(x+1)\/x2+1
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+\/x2 +1 + o2k =I1
x+1
!
t

log x+\/x2 +1

To solve I, substitute X + 1=

; . 1
(vi)  Substitute x+1=¥

1, 2dt
it i 2 =12 == 5
(vil)  Substitute x“+9=t = 29 12 _g
1+ G
(viii) [ xdx Letl+x2=f = xdx=tdt
X . X
t (tdt
I(—)=Il+ LI I Lt
t? -1 t? -1 2 ft+1
_I X2 _[ 4+x2 —4 dx 3
(ix)

R i T (e T

1
Tosolve I, substitute X = y
(x)  Substitute x?=co0s20

1+t3)(6t° 5 .8
(xi)  Substitutex =t — IZI(JrT)t(Z)dt 6J.t1++tt

6 4 3.2 t+1
On dividing Numerator and Denominator, we get : "I[t U+ t1+t2+1]dt

(xii)  Substitute x=t* =  dx=2tdt
t2 .t _ 212 A B C

= I:I(l+t2)(2+t2)(3+t2) ’ (1+t2)(2+t2)(3+t2) 1+'[2+2+'[2+3+t2
Find A, B, C and integrate.
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SOLUTIONS - IN-CHAPTER EXERCISE - G

10.

11.

12.

13.

() Similar to Illustration - 43.
Similar to Illustration - 46

2tdt

— ¢2 - -1 42 - T
Puttanx=tP= x=tan?t? = dx = 14+t

use Ilustration - 22(i)

(i) Similar to Illustration - 44

3. Similar to Hlustration - 45
.[ ]_ 2tdt .[ t +1
= | = 144 = =2 dt, then

Divide N"and D" by cos®x and then put tan x =t

I secZ 0do
(tan@ —2) (2tan 9 +1)

(- Divide N and D by cos?0)

Let tan 6= tand then solve by partial fractions.

I dx ‘I Cos X dx
p+qtanx ~— Y pcosx+qsinx’

Express cos x =1 (p cos x + g sin X) + m (- p sin X + g COS X).

‘.[ dx _I sec? xdx
I sinx (sin x+2cosx) ~ J tan x (tan x +

dt
2) = Im Use partial fractions.

X
sec2 —
2

2dx sin x
~[2cosx+3 B j

j dx 1
2005 x+3 =2 2[1—tan2)2(j+3(1+tan29 g Inl2cosx+3]+e

X
Substitute tan rl t infirst integral and solve further.

+ (sinx + cosx)

X

,[ _sinx dx_lj(smx—cosx)
(smx—cosx) 2

2X In|e2X+1|+c

(sinx —cos x)

dX:—+££n|sinx—cosx|+c
2 2

I—J.\/igdx+j\/7—asml——\/:

sin(x—a —x—h)

Ism(x a)sm(x b) ~ sin(b- a)I5|n(x—a)3|n(x—b)

1 Ism(x—a) cos (x —b) —cos (x —a) sin (x —b)

=~ sin(b-a)

o G

sin (x —a) sin (x —b)
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sin (x—b)
sinb—a) Msin(x—a) T ¢

1
= m I[cot (x—=Db) —cot(x—a)]dx =

14. [ See INE - E (ii) ]
15. Use partial fractions.

.[ dx J' sin xadx J- dt
16. sinx (5+ 4cos x) = @a- cos? X) (5+ 4cosx) ’  Letcosx=t=1= (1—t2)(5+4t)'
Use partial fractions.
2 2
2 a“ —x
17. J.X a x° dX —J. ( ) dx

a’ + x? Jad — x4

Letx?’=t = 2xdx=dt

_J_(a _t) dt—%j dt

2 2
e o) -
a® .t 17 2 _a%_. q[x*) 1 [L4 4
:75|n_ — +§ a —t :?sm_ — +§ a —Xx +¢

a

6 cosOd do
18.  Putx=sinf= I= I—

IO sec® 0d6. Apply by parts.

5 1/2 , /2
19. J'[l+2tan x+2tanxsecx} dx = J'[(secx+tanx) } dx = Isecxdx + Itanxdx

20.  Apply by parts taking log (1 + x?) as | part and dx as second part.

21.  Apply by-parts taking log (sec x + tan x) as | part and sin x as second part.

Icos(x—a+a) Icos(x—a)cosa—sin(x—a)sina
= T k=

22. cos (x —a) cos(x—a) dx = [[cosa—tan (x—a)sina] dx
1 .[ sin(b-a)dx J- sin(x—a-x-b) 1
23. sin(b—a) Y cos(x—a)cos(x—b) ~ sin(b—a)“ cos(x—a)cos(x—b) ~ sin(b—a)

I[tan (x—a) —tan (x —b)] dx
0 .
24.  Putx=cos = l=- IE sinfdéd . Apply by parts.

2 tan x sec? xdx J' dt

25.  Divide N and D by cos*x . | I

lrtan®x T1+t2
X —sinx xax sinx 1
— = . 2 X _ = 2 X
26. '[l—COSX dx = 23'n22_~[1—c03x dx_ZIXCOSEC 2dX—|n|j|__(;og)(|+(;_

For the first integral, apply by parts and proceed further.

| .
=tan “t+C [gybstitute t = tan%]
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27. Letlogx=t= l dx=dt= I = Ie_Zttdt . Apply by parts.

Jx+a —\/x+b

dx  [Use rationalisation]

28. I\/x+a+\/x+b_~[

xlogx| (log x)? ~3log x~10 | - Putlogx =t = 1= 1327315y = [y 7)1+ 2)
Use partial Fractions.

30. Rationalise to get : I__mbV(x+a ) dx - .[X x+bdx
Putx+a:t2 Putx+b:t2

29.

2 2
dt 2a dt
31. Substitute a2 - x> =12 = | ——I 2 = J.[l_ 232 12 dt =t + 2a* _[—2
B — (\/Ea)

a

32. Substitute x — 1 = t2.

1 1 11 1
33. Letlogx=t= ;dx:dt:>| :J.(IogHt_Zjetdt:J.(Iong_ert Jedt

1 11 1 1
= 1= je ('09'” J dt + je (_‘th_j dt =¢' ('09”( " D =X {'09 |09X——|ng} +C.

dx 1 _1( X — cos@
3. | . o= otan | S e
(x —cos@)” +sin“g SN sing

2(3+ 2sinx + cosx) —3
35 I ( - ) dx :2x—3j _dX
3+ 2sinX +cos X 3 +2 sinX +cos X
seczldx
= 2x—3j 2 <
3+3tan —+4tan +1—tan2—
2 2 2
1 o-2x
~sec” —dx dt
_ B 2 2 t ﬁzt 2X - 3| ————
= 2X 3J‘ X Let an2 = I(t+1) +1

tanzl + 2tan— + 2
2 2

- 2X -3 tan_1(1+ tan%} +C

0 T s s 2e?) Tt s+ 2?) T+ (2+1) -AAPPlY partial fractions.

70 Self Study Course for IITJEE with Online Support



Vidyamandir Classes Integral Calculus - 1

t4 —1)

37. LeteX+1:t4:>ede:4t3dt:>I:J'(_4t3dt

dx

X

1
. Substitute 1 + — =t*.

38. |:j

cot 2x
30. J.SECZ X COS ECZXdX = I 5 dx = 4ICOS ec 2XdX = (—) +C
sin© 2x
0 .
40.  [Substitute x=cos?0] = |:_2Itan§cose singdo :chose(cose -1)do
41 Haz p & [Substitut a’ 1=1]
: — -1 —3 . [Substitute — —-1=
G X3 X2
2t dt
. Cw B
42.  Substitute x+1=t"=dx=2tdt = t2 _1+t
dx sect % dx X
43, I:J' > = 2 - [Substitute (a-b) tan* 7
1-tan? X [(a+b)+(a—b)tan2 X}
ath| 2 g
1+tan® =
2

=(a+b)tan?0 ]

X
— J(a—b)seczzdx = 2./(a+b) sec? 0do

(1+tan Jseczxd 1+ a—ertan 0 bse020d0
: 2 2 _ a-b a-b
— 1= | > _2j

2 cnpd
[a+b+(a—b)tan2ﬂ (a+b)” sec™ @

2
= = 22 [[(a-Db) cos® 6 + (a +b)sin0] do
B 2 —a—b(0+sin20)+a+b (e_sinzeJ
= 1= @2 _p2)¥2 | 2 2 2 )|*te
;—ae bsinze} S a __btand
= = (az_bz)a/z I 5 = (az_bz)a/z 1+tan2g tC
(a—b)
Substitute tan?6 = (a+b) tan — and simplify.
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44,

45.

46.

47.
48.

49.

50.

ol.

52.

72

‘IX(X2+1)+(X2+2) _J‘L dx
(x2+1)(x2+2) =02 X2y

3-X A Bx +C
= dex + ,[ 2x+3) dx. Use partial fraction : x(x2 _2x+3) =5 T2 _9yx43

X X
_[—=— _ 2
jsecx+1 dX_Itanzx (secx—1)dx = Ix(cosecxcotx—cot X) dx.

= Ix cosec x cot x dx — jx cosec? x dx + dex (Use by parts)

Isin(x—a+a) _Isin(x—a)cosa+cos(x—a)sina
sin (x —a) - sin (x —a)
We have sin2 x = (sin x + cos x)> — 1 and sin2x = 1 — (sin X — €0S X)?

|- IZCOSXdX (cos X + sinx) dx j(cosx—sinx)dx
SiN2x+2 Sin2x +2 Sin2x + 2

dx = cos ajdx+ sinafcot (x —a) dx

J- (cos x + sin x)dx J- (cos x —sin x) dx

3—(5inx—cosx)2 (sinx+cosx)2 +1

J' dt dz
=322

2
2 cosec”x dx -1

cosec”xdx I
I—: — = where t = cos a + cot x sin a

sin(x+a)  Vcosa+cotxsina  sina 7t

sin x
J- \/C0S 2X x sinx _J- \/Zcos x-1 sinx | dx
sinx x sinx 1- C052 X Put cosx =t

J.\/th ~1 (~dt) | 22 —1
1-t? (t2 —1) J2t? -1
dt

e g

Write X3 —x+2=(x*+1) (x+1) - x*-2x+1
< 0C+D) (x+)  1-x% —2x eX(x +1)
= I:Ie + X="3

dt

dt+j

+
(x2 +1)2 (x2 +1)2 x2 +1 ¢

f(x) f'(x)
t2 -1  2tdt _ (t? -1) 2dt

Letx=t?= | = =
2 6, .4 .2
t°+1) yt© +t7 +t (t? +1) Jt* + 12 +1
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1
(112}‘”

t+3 > +1+

1
1 . Now putz :t"'[

= I:2-[
[

2
:Izzj—dz =25€C‘1|Z|=256C'1\/;+%.
z\/zz—l X

. 1|11 [2a-x
53.  Apply By parts taking SI" {5 \/T} as Ist part and x as lInd part.

.[ x—1 dx _j x—-1 dx
3/4 5/4 3/4
54 (x+1) (x+2) X 41 (x+2)2
X+ 2
X+1:t4:> (X+2)_(X+1) dx = 4t3dt and x = 2t -1
X+ 2 (x+2)2 1-t4

IM(M%) _ f3<t4 _1)+1dt: —3t—g [i_— L ]dt

t3 1-t?

55 1=]— X dx. Use by part
: = - x . Use by parts.
COSX (xsin X + COS X)° yp
X J- X C0OS X dX ,[ -1 COS X + XSin X
~ cosx 7 (xsinx+ cosx)2 ~ ¢ (xsinx+ cos x) cos? x X
X -1 Note thati(x sin X + oS X) = X COS X
~ cosx L (xsinx+ cos x) ttanx+C. dx
sin (X — o) dx sin x cos o dx cCos X sina
56. ( ) = c dx

I = - - = _
J.\/S'n(XJfO‘) sin(x—a) \/cosza—coszx \/sinzx—sinza
(Substitute t=cosx)  (Substitute z= sinx)
57. [Similar to Q.7 in OSE]
dx COs X dx dt
I:I—=I ) ) =I 2y (1 912y -
4 Ccos X COS 2X 4 (1-sin“ x) (1—2sin“ x) 4(1-t7)(@1-2t%)
59.  Take cosx + sinx =t and then solve.
60.  [Similarto Q. 23]

58.
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